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2 SAHARON SHELAH
An Annotated Table of Contents
§1 On Normal Filters
In [Sh 355, §4] and [Sh 400, §3,§5] we have computed cov(λ, λ, θ, σ) when θ > σ =
cf σ > ℵ0, using tcf
∏
i<κ
λi/J , for σ-complete ideals J and σ ≤ κ < θ. In [Sh 371, §4]
we deal with a similar theorem where we restrict ourselves to normal ideals, namely
prc, but its computation, using pp’s, did not always yield exact values (i.e. the
upper and lower bounds tend not to match). Here we give reasonably exact values
for prcJ (f, µ¯), using the true cofinalities of
∏
i<κ
µ′i/J1, where J1 is a normal filter on κ
extending J and for i < κ, µ′i is a regular ordinal satisfying µi ≤ µ
′
i ≤ f(i). We also
give a sufficient condition for the existence of normal ideal J on κ such that for some
sequence 〈λi : i < κ〉 of regulars, we have λ = tlim〈λi : i < κ〉, µ = tcf
∏
i<κ
λi/J .
§2 On measures of the size of [λ]<κ
We mainly investigate cardinals like
Min
{
|P| :P ⊆ [λ]<θ(λ) and for every Z ∈ S≤κ(λ) there is a sequence
〈Zn : n < ω〉 of subsets of Z such that Z =
⋃
n<ω
Zn and
(∀n < ω)(∀y ∈ S<θ(Zn))(∃z ∈ P)[y ⊆ z]
}
.
We also give sufficient conditions for the strong covering to hold for a pair (W,V )
of universes.
§3 pcf - Inaccessibility and characterizing the existence of non <J -decreasing
sequences (for topology)
We restate various results using pcf inaccessibility and present more consequences
of the proofs in [Sh 400, §2,§4]. We characterize those κ < σ < θ for which there is
a sequence 〈fα : α < θ〉 of members of
κσ such that α < β ⇒ fα  fβ ; answering a
question of Gerlits, Hajnal and Szentmiklossy. [See more in [Sh 513, §6]].
§4 Entangled Orders - Narrow Order Boolean Algebras Revisited
We show that for a class of cardinals λ there is an entangled linear order of cardi-
nality λ+. This holds for λ if there is a κ such that κ+4 ≤ cf(λ) < λ ≤ 2κ. [See
more in [Sh 462] and [Sh 666].]
§5 prd: Measuring
∏
i<κ
f(i) by a family of ideals and a family of sequences
〈Bi : i < κ〉, |Bi| < µi
This generalizes Section 1, replacing normality by an abstract property; we also
present a generalization of the concept of a normal filter, and deduce prdJ (f¯ , µ¯) ≤
prdJ(f¯ , µ¯)
+ and prdJ (ℵf¯ , µ¯) ≤ ℵ(prdJ (f¯ ,µ¯))+ under suitable conditions.
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§6 The Existence of Strongly Almost Disjoint Families
We characterize such existence questions by pp’s. An example is the question of
the existence of a family of λ+ subsets of λ > κℵ0 , each of cardinality κ (> ℵ0) such
that the intersection of any two is finite.
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§1 On Normal Filters
The following Lemma 1.2 is similar to [Sh 355, 5.4], [Sh 400, 3.5], but deal with
normal ideals (see [Sh 371, §4], in particular [\Sh:374 ], Definition 4.1, Claim ?).
—> scite{4.6} undefined
Remember prc is defined in [Sh 371, §4] as:
1.1 Definition. 1) For a regular uncountable cardinal κ, normal ideal J on κ, µ¯ a
κ-sequence of cardinals > κ, and f ∈ κ Ord, we define:
prcJ (f, µ¯) = Min
{
|P| :P is a family of κ-sequences of sets of ordinals,
B¯ = 〈Bi : i < κ〉, |Bi| < µi or at least
{i < κ : |Bi| ≧ µi} ∈ J, such that: for every g ∈
κOrd,
g ≦J f there is a sequence 〈A¯
ζ : ζ < κ〉 of members
P satisfying {i < κ : g(i) /∈
⋃
ζ<i
Aζi } ∈ J
}
.
2) We may write f as a sequence of ordinals say 〈λi : i < κ〉, and if λi = λ for each
i, we may write λ.
3) prc′J (f, µ) is defined similarly but from B¯ = 〈Bi : i < κ〉 we demand this time
|Bi| < µ.
Remark. See there ([Sh 371, 4.2,4.3]) for some basic properties. But 1.2 below
substantially improves [Sh 371, Claim 4.6] there.
1.2 Lemma. 1) Let κ be a regular uncountable cardinal, f : κ → ordinals, J a
normal ideal on κ, and µ¯ = 〈µi : i < κ〉 a sequence of regular cardinals. Then
prcJ (f, µ¯) = sup
{
tcf[
∏
i<κ
µ′i/J1] :J1 a normal ideal on κ extending J,
such that the tcf is well defined and
{i < κ : not “µi ≦ µ
′
i = cf(µ
′
i) ≦ f(i)”} ∈ J
}
provided that:
(α) µi = µ > κ.
2) We can replace assumption (α) by (β) below, and
∧
i
µi > κ.
(β) µi strictly increasing and for limit i:
if i =
∑
j<i
µj is regular then i = µi, otherwise µi = (
∑
j<i
µj)
+.
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1.3 Remark. 1) On getting =+ see [Sh 420, 6.1(C)] and [Sh 430, §4]. The problem
is when pcf(a) has an accumulation point which is inaccessible.
2) In the case (β) holds, if µ¯∗ = 〈µ∗i : i < κ〉 is (strictly) increasing continuous,
sup
i<κ
µ∗i = sup
i<κ
µi then prc(f, µ¯) + (
∑
i<κ
µi)
+ = prc(f, µ¯∗) + (
∑
i<κ
µi)
+, by [Sh 371,
4.10(2)] + [Sh 355, 2.1].
3) If in (β) we place “µi > κ” by sup
i<κ
µi = κ,
∧
i<κ∗
µi < κ (so κ is inaccessible we can
get:
prcJ (f, µ¯) = sup
{
nor-cfi
∏
i<κ
µ′i/J : {i : µi ≤ µ
′
i = cf(µ
′
i) ≤ f(i)} ∈ J
}
.
Proof. The inequality ≥:
Same proof as that of “λ(1) ≤ λ(2)” in the proof of [Sh 371, 4.6].
The inequality ≤:
Let λ∗ be the successor of the sup.
1.4 Fact. There is a family P∗ such that:
(i) members of P∗ are of the form
〈Bi,ζ : i < κ, ζ < ζi〉 or 〈< Bi,ζ : ζ < ζi >: i < κ〉
where ζi < µi and each Bi,ζ is a non-empty subset of f(i) + 1
(ii) |P∗| < λ∗
(iii) if 〈Bi,ζ : i < κ, ζ < ζi〉 ∈ P
∗, g ∈
∏
i<κ
(f(i)+1), A ⊆ κ and for i ∈ A we have
ξi < ζi satisfying g(i) ∈ Bi,ξi then there are E, 〈Aj : j < κ〉 and for j < κ
sequences B¯j = 〈Bji,ζ : i < κ, ζ < ζ
j
i 〉 and 〈ξ
j
i : i ∈ Aj〉 such that:
(a) E ⊆ κ and κ\E ∈ J ;
(b) A ∩E = {i < κ : i ∈
⋃
j<i
Aj};
(c) B¯j ∈ P∗ for j < κ;
(d) for j < κ and i ∈ Aj we have: ξ
j
i < ζ
j
i and B
j
i,(ξji )
⊆ Bi,ξi and
[|Bi
i,(ξji )
| ≥ µi ⇒ |B
j
i,(ξji )
| < |Bi,(ξji )
|]
(e) for i ∈ Aj we have g(i) ∈ B
j
i,(ξji )
(iv) 〈< f(i) + 1 >: i < κ〉 ∈ P∗ (so ζi = 1 here).
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Proof of the Inequality from the Fact. Let us define a family P ′:
P
′ =
{
〈∪{Bi,ζ : ζ < ζi and |Bi,ζ | < µi} : i < κ〉 : 〈Bi,ζ : i < κ, ζ < ζi〉 ∈ P
∗
}
.
Now each member of P ′ has the right form as each µi is regular and 〈Bi,ζ : i <
κ, ζ < ζi〉 ∈ P
∗ implies ζi < µi. Also the cardinality of P
′ is < λ∗ (by (ii) of 1.3).
Let g ≤ f and it is enough to find 〈Bǫi : i < κ〉 ∈ P
′ for ǫ < κ such that
{i : g(i) /∈
⋃
ǫ<i
Bεi } ∈ J .
We choose by induction on n, for every η ∈ nκ the following: B¯η = 〈Bηi,ζ : i <
κ, ζ < ζηi 〉 ∈ P
∗, 〈ξηi : i ∈ Aη〉 with ξ
η
i < ζ
η
i and Aη ⊆ κ such that:
(α) B¯<> = 〈< f(i) + 1 >: i < κ〉, ζ<>i = 1, ξ
<>
i = 0, A<> = κ,
(β) [i ∈ Aηˆ<j> ⇒ g(i) ∈ B
ηˆ<j>
i,(ξηˆ<j>i )
⊆ Bη
i,ξηi
],
(γ) [i ∈ Aηˆ<j>&|B
η
i,ξηi
| ≥ µi ⇒ |B
ηˆ<j>
i,(ξηˆ<j>i )
| < |Bη
i,ξηi
|] and
(δ) {i ∈ Aη : i /∈
⋃
j<i
Aηˆ<j>} ∈ J .
The induction step is by (iii) of the fact; in the end let for η ∈ ω>κ and i < κ :
B∗η,i =: ∪{B
η
i,ζ : ζ < ζ
η
i and |B
η
i,ζ | < µi}.
Clearly for each η ∈ ω>κ we have 〈B∗η,i : i < κ〉 ∈ P
′; let us enumerate
ω>κ as {ρǫ : ǫ < κ} such that [ρ ⊳ ρǫ ⇒ ρ ∈ {ρζ : ζ < ǫ}], and let us define
B¯ǫ = 〈B∗ρǫ,i : i < κ〉 ∈ P
′, hence by Definition 1.1 it is enough to show that
E =: {i < κ : g(i) /∈
⋃
ǫ<i
B∗ρǫ,i} belongs to J . We know that for every η ∈
ω>κ the
set Xη =: {i ∈ Aη : i /∈
⋃
j<i
Aηˆ<j>} belongs to J . Also the sets
Y =: {δ < κ : δ limit and ¬(∀ǫ)[ǫ < δ ⇒ ρǫ ∈
ω>δ]}
X =: {i < κ : if i /∈ Y then for some η ∈ ω>i we have i ∈ Xη}
belong to J . It suffices to show
(∗) for every δ ∈ κ\X , for some η ∈ ω>δ we have δ ∈ B∗η,i.
Why (∗) holds? Choose by induction on n < ω, ρn ∈
nδ such that: δ ∈ Aρn . For
n = 0 remember A<> = κ. For n + 1, as δ ∈ Aρn and δ /∈ X clearly δ /∈ Xρn so
necessarily δ ∈
⋃
j<i
Aρnˆ<j> .
Now 〈|Bρn
δ,ξρn
δ
| : n < ω〉 is non-increasing hence (by (β) above) is eventually constant
hence (by (γ) above) for some n, |Bρn
δ,ξρn
δ
| < µδ, hence g(δ) ∈ B
∗
ρn,δ
. So (∗) holds
and we have finished proving that P ′ exemplify the inequality from the fact.
Proof of the Fact 1.1A. It suffices to prove that for any B¯∗ = 〈B∗i,ζ : i < κ, ζ < ζi〉
satisfying the requirements in (i), we can find PB¯∗ satisfying (i) + (ii) and (iii)
MORE ON CARDINAL ARITHMETIC SH410 7
for the given B¯∗ and any g, 〈ξi : i < κ〉 as there. Let Y
i
0 = {ζ < ζi : |B
∗
i,ζ | <
µi}, Y
i
1 = {ζ < ζi : |B
∗
ζ,i| ≥ µi > cf|B
∗
ζ,i|} and Y
i
2 = {ζ < ζi : cf|B
∗
i,ζ | ≥ µi} (for
each i < κ, ζ < ζi).
Clearly 〈Y i0 , Y
i
1 , Y
i
2 〉 is a partition of {ζ : ζ < ζi}, now for ζ ∈ Y
i
1 ∪ Y
i
2 , let
µiζ =: cf|B
∗
ζ,i|, and 〈Bi,ζ,ǫ : ǫ < µ
i
ζ〉 be an increasing continuous sequence of
subsets of B∗i,ζ of cardinality < |B
∗
ζ,i| and
⋃
ǫ<µi
ζ
Bi,ζ,ǫ = B
∗
i,ζ .
Now let a =: {µiζ : i < κ, ζ ∈ Y
i
2 }, so a is a set of regular cardinals.
Case 1: Assume assumption (α) of 1.2;
so a is a set of < µ+ κ+ = µ regular cardinals, each ≥ µ, so the pcf analysis of [Sh
371, §2] apply. Let us get
〈
〈fθα : α < θ〉 : θ ∈ pcf(a)
〉
.
Now for each θ ∈ pcf(a) ∪ {1} which is < λ∗ and α < θ, we choose B¯θ,α =
〈Bθ,αi,ζ : i < κ, ζ < ζ
θ,α
i 〉 such that:
{Bθ,αi,ζ : ζ < ζ
θ,α
i } ={B
∗
i,ζ : ζ ∈ Y
i
0 } ∪ {B
∗
i,ζ,ǫ : ǫ < µ
i
ζ , ζ ∈ Y
i
1 }
∪ {Bi,ζ,fθα(µiζ) : ζ ∈ Y
i
2 and θ ∈ pcf(a)(i.e. θ 6= 1)}.
Let PB¯∗ =: {B¯
θ,α : θ ∈ λ∗ ∩ pcf(a) and α < θ or θ = 1, α = 0}. Now it is as
required, in particular |PB¯∗ | < λ
∗ because λ∗ > sup(λ∗ ∩ pcf(a) holds as λ∗ is a
successor cardinal.
Case 2: Assume assumption. Here we partition a to κ sets diagonally; i.e. without
loss of generality each ζi is a cardinal hence by clause (β) we have ζi ≤
⋃
j<i
µj+1+µ0.
So for every limit i < κ we have ζi ≤
⋃
j<i
µj . Remember κ <
⋃
i<κ
µi and even κ < µ0
and let for j < κ:
aj =: {µ
i
ζ : i ∈ (j, κ) and ζ ∈ Y
i
2 and ζ < µj}. So |aj| ≤ κ+ µj < Min(aj) because
and relevant µiζ is ≥ µi > µj ≥ κ and if 〈ξi : i < κ〉 ∈
∏
i<κ
(1+ ζi) then we can define
h : κ→ κ, h(i) < 1 + i such that: [i < κ & i limit ⇒ µiξi ∈ ah(i)]. 1.2
The following lemma generalizes [Sh 371, 1.5].
1.5 Lemma. Suppose σ1 ≤ σ2 ≤ κ < θ < λ are cardinals, σ1, σ2, κ are regular,
λ > cf(λ) = κ > ℵ0, λ < µ = cf(µ) < pp
+
Γ(θ,σ2)
(λ), and for every large enough
λ′ < λ, [σ1 ≤ cf(λ
′) < θ ⇒ ppΓ(θ,σ1)(λ
′) < λ].
Then there is an increasing sequence 〈µi : i < κ〉 of regular cardinals < λ, λ =
sup
i<κ
µi and an ideal J on κ satisfying λ = tlimJµi and µ = tcf(
∏
i<κ
µi/J) such that:
(a) J is σ2-complete and extend J
bd
κ
(b) if κ ≥ σ+1 and (∀α < κ)[cov(|α|, σ2, σ1, 2) < κ] then J is normal;
(c) if σ1 = ℵ0 then J = J
bd
κ .
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Proof. For (c) see [Sh 371, 1.6], so we can assume σ1 > ℵ0 as otherwise we have
there gotten a conclusion stronger than (a) + (b) + (c).
Let a ⊆ Reg ∩ λ have cardinality < θ, be unbounded in λ, I a σ2-complete
ideal on a, and (∀λ′ < λ)[a ∩ λ′ ∈ I] and µ = tcf(Πa/I). As cf(λ) = κ < θ < λ
without loss of generality θ < Min(a), and let 〈λi : i < κ〉 be increasing continuous
with limit λ,ℵ0 ≤ cf(λi) < κ (remember κ > ℵ0); without loss of generality
θ < λ0 < Min)a) and ppΓ(θ,σ1)(λi) < λi+1 and, if i > 0 is a limit ordinal then
a ∩ λi is unbounded in λi. Also without loss of generality for every i < κ:
(∗)1 λ0 ≤ λ
′ < λi & σ1 ≤ cf(λ
′) < θ ⇒ ppΓ(θ,σ1)(λ
′) < λi+1
hence
(∗)2 b ⊆ (λ0, λi) & |b| < θ ⇒ sup pcfσ1-complete(b) < λi+1.
Let 〈bσ[a] : σ ∈ pcf(a)〉 be a generating sequence (exists by [Sh 371, 2.6]) and
without loss of generality µ = max pcf(a). By [Sh 345a, 3.6] (and 3.1(7)) without
loss of generality σ ∈ bχ[a] ⇒ bσ[a] ⊆ bχ[a]. Let i < κ satisfy cf(i) ≥ σ1, as
|a| < θ and (∗)1 we have sup pcfσ1-complete(λi ∩ a) < λi+1 hence for some ci we
have: ci ⊆ λi+1 ∩ pcf(a ∩ λi), |ci| < σ1 and a ∩ λi ⊆
⋃
θ∈ci
bθ[a] (otherwise we can
find a σ1-complete proper ideal J on λi ∩ a such that
[σ < pp+Γ(θ,σ1)(λi) & σ ∈ pcf(λi ∩ a)⇒ bσ[a] ∩ (λi ∩ a\µi) ∈ J ],
a contradiction to (∗)1. Note that ci ⊆ λi+1.
Let S0 = {δ < κ : cf(δ) ≧ σ1}, so for some i(∗) < κ we have:
S1 = {δ ∈ S0 : cδ ∩ λδ ⊆ λi(∗)}.
is a stationary subset of κ.
By renaming, without loss of generality i(∗) = 0 and so ci ⊆ (λi, λi+1), and for
i ∈ S1 let 〈(θi,ζ , ei,ζ) : ζ < ζi〉 list {(θ, bθ[a]) : θ ∈ ci}; so:
(∗)1 a ∩ λi ⊆
⋃
ζ<ζi
ei,ζ , max pcf(ei,ζ) = θi,ζ , λi < θi,ζ < λi+1
and θi,ζ ∈ pcfσ-complete(a ∩ λi).
1.6 Fact. There are finite di,ζ ⊆ pcf(ei,ζ)\λi for i ∈ S1, ζ < ζi and stationary
S2 ⊆ S1 such that letting di =
⋃
ζ<ζi
di,ζ we have: if S ⊆ S2, κ = sup(S) then
µ ∈ pcfσ2-complete
(⋃
i∈S
di
)
.
Proof of 1.2 from the Fact. Now the preliminary part of 1.5 is easy; as di ⊆
(λi, λi+1), and |di| < σ1 < κ = cf(κ), clearly d =:
⋃
i∈S1
di has order type κ,
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and by 1.6 µ ∈ pcfσ2-complete
( ⋃
i∈S1
di
)
and by (∗)2 above, for j < κ implies
µ /∈ pcfσ1-complete
( ⋃
i∈S1
di ∩ λj
)
; also µ = max pcf(d). So we are left with clauses
(a)+(b). Let dδ = {λδ,ζ : ζ < ζδ < σ1}, as σ1 < κ, clearly without loss of generality
for some ζ(∗)
S3 = {δ ∈ S2 : ζδ = ζ(∗)} is stationary.
For each ζ < ζ(∗) let
Pζ =: {S ⊆ S2 : max pcf{λδ,ζ : δ ∈ S} < µ}.
If for some ζ < ζ(∗), the normal ideal on κ which Pζ generates is proper, we have
finished. If not, for each ζ < ζ(∗) there are members Sζ,i(i < κ) of Pζ and club
Cζ of κ such that:
δ ∈ S3 ∩ Cζ ⇒
∨
i<δ
δ ∈ Sζ,i.
Clearly C =
⋂
ζ<ζ(∗)
Cζ is a club of κ, now remembering S3 ⊆ S0 we know that on
S3 ∩ C the function δ 7→ sup{Min{i : δ ∈ Sζ,i} : ζ < ζ(∗)} is a pressing down
function, so for some stationary S4 ⊆ S3 and ordinal j(∗) < Min(S4) < κ we have:
δ ∈ S4 ⇔
∧
ζ<ζ(∗)
∨
j<j(∗)
δ ∈ C ∩ Sζ,j .
But as cov(|j(∗)|, σ2, σ1, 2) < κ, there is w ⊆ j(∗) such that |w| < σ2 and S5 is a
stationary subset of κ where
S5 =
{
δ ∈ S3 :
∧
ζ<ζ(∗)
∨
i∈w
δ ∈ Sζ,i
}
.
Let b = {λi,ζ : for some j and ζ we have i ∈ Sζ,j, j ∈ w and ζ < ζ(∗)}, it is the
union of < σ2 sets (bj,ζ = {λi,ζ : i ∈ Sζ,j} for j ∈ w, ζ < ζ(∗)), each with max pcf
< µ.
This contradicts the fact (1.6).
Proof of Fact 1.2A. Similar to the proof of [Sh 371, 1.5]. 1.5
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§2 On measures of the size of D<κ(λ)
SAHARON: on 2.1 see 430?
Improving a little [Sh 400, 5.9].
2.1 Claim. Assume λ > cf(λ) = ℵ0, λ > 2
θ and [λ′ < λ & cf(λ′) ≦ θ ⇒
ppθ(λ
′) < λ] and pp(λ) < cov(λ, λ,ℵ1, 2). Then {µ : λ < µ = ℵµ ≤ ppθ(λ)} has
order type ≥ θ.
We shall return to this in [Sh 430, §1] so we do not elaborate.
2.2 Claim. Suppose θ, κ are regular, ℵ0 < θ ≤ κ < λ ≤ λ1 ≤ λ
∗, and (∀µ)[λ ≤
µ ≤ λ1 & cf(µ) < θ ⇒ pp<θ(µ) ≦ λ
∗] and cov(κ, θ, θ, 2) = κ. Then there is a
family P of ≤ λ∗ subsets of λ1, each of cardinality < λ such that:
(∗)1 for every Y ⊆ λ1, |Y | ≤ κ there are Zn(n < ω) such that:
Y ⊆
⋃
n<ω
Zn, |Zn| = κ and for each n
(∀Z)[Z ⊆ Zn & |Z| < θ ⇒ (∃X ∈ P)[Z ⊆ X ]],
(∗)2 for every Y ⊆ λ1, |Y | ≥ θ1 and ℵ1 < cf(θ1) & θ1 ≤ θ there is X ∈ P such
that: X ∩ Y has cardinality ≥ θ1.
Remark. 1) Here and later we can replace ≤ λ∗ by < λ∗ = cf(λ∗). [Saharon: check.]
2) See [Sh 430, x.x.].
Proof. It suffices to prove (∗)1 as (∗)2 follows. Let Θ = {µ : λ ≤ µ ≤ λ1 and
cf(µ) < θ}. Clearly if Θ = ∅, the conclusion is straightforward (by induction on
λ1).
Without loss of generality λ∗ = sup{pp<θ(µ) : µ ∈ Θ}. Now each pp<θ(µ) (for
µ ∈ Θ) has cofinality ≥ θ, and if δ < θ, 〈µi : i < δ〉 increasing, 〈 pp<θ(µi) : i < δ〉
strictly increasing then pp<θ(
⋃
i<δ
µi) >
∑
i<δ
pp<θ(µi), hence cf(λ
∗) ≥ θ and, by [Sh
355, 2.3], without loss of generality λ∗ = λ1. Let χ be regular large enough and B
be an elementary submodel of (H (χ),∈, <∗χ) of cardinality λ
∗ such that λ∗+1 ⊆ B.
Let
P = {X ∈ B : X ⊆ λ∗ and |X | < λ}.
Now repeat the proof of [Sh 400, 3.5], noting
2.3 Observation. Suppose:
(i) a is a set of regular cardinals |a| ≤ κ < Min(a);
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(ii) the function b 7→ 〈fbα : α < max pcf(b)〉 (for b ⊆ a) is as in [Sh 371, §1];
i.e. satisfies:
(∗)1 f
b
α ∈ Πb, we stipulate f
b
α ↾ (a\b) = 0a\b and 〈f
b
α : α < θ〉 is
<J<max pcf[b] -increasing and cofinal in (Πb, <J<max pcf[b]), and (∀g ∈
Πb)(∃θα < θ)[g < fθα]
(∗)2 if δ < θ ∈ pcf(a), cf(δ) ∈ (|b|,Min b] and σ ∈ a\{cf(δ)} then f
b
δ (σ) =
Min{
⋃
α∈C
fbα(σ) : C a club of δ}
(iii) a ⊆ λ∗, λ ≤ λ∗, and
(∀b)[b ⊆ a & |b| < θ & sup(b) ≥ λ & sup(b) /∈ b⇒ max pcfJbd
b
b ≤ λ∗]
(iv) We let for θ ∈ pcf(a), and α < θ : fθα = f
bθ[a]
α .
Then for every {ai : i < κ} ⊆ {b : b ⊆ a, |b| < θ}, gi ∈ Πai(i < κ) we can
find g and λ′i < λ such that: g ∈ Πa, for each i < κ, gi ≤ g and for every
i < κ there are λ′i < λ such that letting c
i = ai\λ′i we have g ↾ c
i is Max of
finitely many functions from {fµα ↾ c
i : i < κ, α < µ, µ ∈ pcf(a) and µ ≤ λ∗}.
Moreover for some d ⊆ [λ, λ∗] ∩ pcf(a), for every θ ∈ Reg ∩ [λ, λ∗] ∩ d, for some
λθ < λ, g ↾ (bθ[a]\λθ) is (the suitable restriction of a) Max of finitely many functions
from {fσg(σ) : σ ∈ (λ, λ
∗] ∩ pcf(a\λ′) for every λ′ < λ}.
Proof. Without loss of generality κ+ < Min(a). Use [Sh 371, 1.4] with κ+, a, 〈ai :
i < κ〉, here standing for δ, a, 〈bi : i < ζ
∗〉 there and we get 〈< λi,ℓ, ci,ℓ : ℓ ≤ n(i) >:
i < κ〉. Let λ′i = sup[∪{ci,ℓ : ci,ℓ a bounded subset of λ}]. 2.3 2.2
Similarly
2.4 Claim. 1) In 2.2, if θ = κ and (∀µ)[κ ≤ µ ≤ λ1 & cf(µ) < θ ⇒ pp<θ(µ) ≤
λ∗] (i.e. κ = λ) then we can add
(∗)3 for every Y ⊆ λ, |Y | ≤ κ there are Zn, 〈Zn,i : i < θ〉 for n < ω such that
Y ⊆
⋃
n<ω
Zn, Zn =
⋃
i<θ
Zn,i, |Zn,i| < θ, 〈Zn,i : i < θ〉 increasing continuous
and each Zn,i belongs to P.
Hence
2.5 Conclusion. If λ > cf(λ) = ℵ0 then there is a family P of cardinality ≤
sup{pp(µ) : µ ≤ λ, cf(µ) = λ0} consisting of countable subsets of λ such that:
(∗) if Y ⊆ λ, |Y | = ℵ1 then for some Z ∈ P, Y ∩ Z is infinite. Moreover, we
can find αni (n < ω, i < ω1) such that Y ⊆ {α
n
i : n < ω, i < ω1} and for
each n for arbitrarily large i < ω1, {α
n
j : j < i} ∈ P.
2.6 Conclusion. If λ > κ ≥ cf(λ), and ppκ(λ) < cov(λ, λ, κ
+, 2) then ppκ(λ) <
cfκ(Π(λ ∩ Reg\κ
+), <Jbd
λ
).
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Proof. Let χ = i3(λ)+, and for ζ ≤ κ+ let Bζ be an elementary submodel of
(H (χ),∈, <∗χ) of cardinality ppκ(λ) such that ppκ(λ) ⊆ Bζ ,Bζ increasing contin-
uous, and 〈Bǫ : ǫ ≦ ζ〉 ∈ Bζ+1. Let B = Bκ+ . Assume that the conclusion fail
and we shall prove that cov(λ, λ, κ+, 2) ≦ ppκ(λ), in fact that P =: Bκ+ ∩S<λ(λ)
exemplify it. Let a ⊆ λ, |a| ≤ κ and we shall find A ∈ P such that a ⊆ A; this
suffice. Choose by induction on ζ < ω1, fζ ∈ B ∩Π(Reg ∩ λ) such that letting Nζ
be the Skolem Hull of a∪{fξ : ξ < ζ}∪{i : i ≤ κ}, we have: for every large enough
σ ∈ Reg ∩ λ, [σ ∈ Nζ ⇒ sup(σ ∩ Nζ) < fζ(σ)]. Now use 2.5 + proof of [Sh 400,
3.5]. 2.6
∗ ∗ ∗
We now return to the issue of strong covering (from [Sh:b, Ch.XIII,§1-§4]) (better
version [Sh:g, Ch.VII]). It influenced the first proof of a bound on ℵℵ0ω , and is clearly
related to computing Min{|S| : S ⊆ S≦κ(λ) is stationary}.
2.7 Lemma. Suppose W ⊆ V is a transitive class of V including all the ordinals
and is a model of ZFC.
1) For every set Y ∈ V of ordinals of cardinality < κ (in V) there are Yn ∈W n <
ω (so we know only that 〈Yn : n < ω〉 ∈ V!),W |= “Yn a set of < κ ordinals” such
that Y ⊆
⋃
n<ω
Yn provided that:
(∗)κ (i) κ is a regular uncountable cardinal in V,
(ii) if a ∈ V is a subset of RegW\κ, |a| < κ and g ∈ (Πa)V then
⊗ there is a function h ∈W such that θ ∈ Dom(g)⇒ g(θ) < h(θ) < θ
(so Dom(g) ⊆ Dom(h))
or even just
(∗)−κ like (∗)κ but in (ii) we demand only:
⊗− there are functions hn ∈W (for n < ω) such that (∀θ ∈ Dom(g))[
∨
n<ω
g(θ) <
hn(θ) < θ].
2) For every set Y ∈ V of ordinals of cardinality < κ (in V) there is Z ∈ W
satisfying W |= “Z a set of < κ ordinals” such that Y ⊆ Z provided that:
(∗)κ + ℵ
V
2 ≤ κ.
3) Assume that κ = ℵV1 and (∗)κ holds and
⊕0 V |= “A a set of ordinals of power κ”⇒ (∃B ∈W)[A∩B infinite & W |=
“|B| < κ”].
Then the conclusion of part (2) holds.
4) Assume κ = ℵV1 , (∗)κ, (κ
+)V = (κ+)W and (∗)κ+. Then the conclusion of part
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(2) holds.
5) Assume
(a) (κ+)V = (κ+)W, (∗)κ, (∗)κ+;
(b) there is 〈Cδ : δ ∈ (λ+1)\(κ+1),ℵ0 ≤ cf
Wδ ≤ κ〉 ∈W satisfying Cδ a club
of δ for each δ such that [α ∈ acc(Cδ) ⇒ Cα = Cδ ∩ α] and otp(Cδ) ≤ κ.
[nec?]
Then (W,V) satisfies the κ-strong covering (see [Sh:g, Ch.VII]) which means:
⊗ for every ordinal α and model M ∈ V with universe α, with countable
vocabulary, there is N ≺M of power < κ,N ∩κ an ordinal and the universe
of N belongs to W.
6) Moreover, in (5)
⊕+ in the game where a play last κ moves, in the ith move (for i < κ) the first
and second players choose ai, bi ∈ [λ]
<κ, respectively preserving
⋃
j<i
bj ⊆
ai ⊆ bi, the first player has a winning strategy where the first player winning
a play means {δ < κ :
⋃
i<δ
ai ∈W} ∈ Dκ (= the clubs filter on κ (in V)).
Remark. 1) Note that parts (3), (4) hold for κ ≥ ℵV1 , but this is covered already
by part (2).
2) Note that in part (9), ℵV2 = ℵ
W
2 .
Proof. Should be straightforward (if you read till here). [Originally we say only;
for (1) imitate the proof of [Sh 400, 3.5], for (2) — repeat the proof of [Sh 400, 3.5]
by doing the induction for i < ℵ1, then use part (1). For (3) — instead using part
(1) in the end, use the assumption, for (4), (5) imitate the proof of [Sh 400, 3.6].]
For the proof of 1)-5), let Y be a subset of the ordinal λ, a cardinal of V (for
part (5) λ is given), and let χ =: [(2λ)+]W. Let (H (χ)W,∈, <∗χ) ∈W.
1) In V we choose by induction on n < ω,Nn, αn, hn,ℓ, gn such that:
(a) Nn ≺ (H (χ)
W,∈, <∗χ)
(b) V |= ‖Nn‖ < κ and Nn ∩ κ = αn;
(c) Y ⊆ N0 and {κ, λ} ∈ N0
(d) Nn ≺ Nn+1
(e) hn,ℓ ∈W is a (partial) function (for ℓ < ω) and from λ to λ
(f) gn is a function, Dom(gn) = (λ ∩ Reg
W\κ) ∩Nn, gn(θ) =: sup(Nn ∩ θ)
(g) for every θ ∈ Dom(gn) for some ℓ, gn(θ) < hn,ℓ(θ)
(h) hn,ℓ ∈ Nn+1 for ℓ < ω.
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There is no problem to carry the definition. Let N = Nω =:
⋃
n<ω
Nn and α
∗
ω =⋃
n<ω
αn = N∩κ. For α ≤ ω letMα be defined as the Skolem Hull in (H (χ)
N,∈, <∗χ)
of {i : i < αn} ∪ {hn,ℓ : n, ℓ < α} ∪ {κ, λ}. Clearly [α < ω ⇒ Mα ∈ W], and
[α ≤ ω ⇒ Mα ≺ Nα] and V |= “‖Mα‖ < κ”. Now M = Mω =
⋃
n<ω
Mn ≺
N,M ∩ κ = αω = N ∩ κ and for every θ ∈ (λ
+ ∩ RegW\κ) ∩M and n for some
m < ω, θ ∈ Nm & m > n so for some ℓ < ω we have sup(Nn ∩ θ) < hm,ℓ(θ) ∈ M
hence sup(N ∩ θ) = sup
n<ω
(Nn ∩ θ) ≤ sup(M ∩ θ) ≤ sup(N ∩ θ). So by [Sh 400, 3.3A],
M ∩ λ = N ∩ λ, so Yn =: λ ∩Mn for n < ω are as required.
2)-5) The following will be used in proving during the proof of 2) - 5). Let
δ(∗) ≤ κ be given (i.e. we shall choose it for each part) and we assume (∗)κ. We
fix (H (χ)W,∈, <∗χ) ∈W as in part (1).
In V we choose by induction on i < δ(∗), Ni, αi, hi, gi such that:
(a) Ni ≺ (H (χ)
W,∈, <∗χ)
(b) V |= “‖Ni‖ < κ” and Ni ∩ κ = αi
(c) Y ⊆ N0, {κ, λ} ⊆ N0
(d) Ni is increasing continuous
(e) hi ∈W is a partial function from λ+ 1 to λ+ 1
(f) gi is the function with Dom(gi) = (λ
+ ∩ RegW\κ) ∩Ni such that
gi(θ) = sup(Ni ∩ θ)
(g) θ ∈ Dom(gi)⇒ gi(θ) < hi(θ) < θ
(h) hi ∈ Ni+1.
There is no problem to carry the construction. We let N = Nδ(∗) =
⋃
i<δ(∗)
Ni.
Proof of Part (2). Choose δ(∗) = ℵV1 , so under the assumptions of part (2) we
have δ(∗) < κ, hence V |= “‖N‖ < κ”. Apply part (1) to Y = {hi : i < δ(∗)}
(which is ⊆ W), so we can find Yn ∈ W (and if you like Yn ⊆ H =: {h ∈ W : h
a partial function from λ + 1 to λ + 1}), for n < ω such that V |= “|Yn| < κ”
and Y ⊆
⋃
n<ω
Yn; (well, Y is not a set of ordinals, but we can code it as one). So
for some n = n(∗), we hvae V |= “|Y ∩ Yn| = ℵ1”. Let M be the Skolem Hull in
(H (χ)W,∈, <∗) of {α : α <
⋃
i<δ(∗)
αi}∪Yn(∗)∪{κ, λ}; soM ∈W,V |= “‖M‖ < κ”
and soW |= “‖M‖ < κ”. LetM ′ = M∩N ; so clearlyM ′ ≺ N,
⋃
i<δ(∗)
αi ⊆M
′∩κ ⊆
N ∩ κ =
⋃
i<δ(∗)
αi. Lastly, if i < δ(∗) and θ ∈ (λ
+ ∩ RegW\κ) ∩M ′ then for some
j ∈ (i, δ(∗)), θ ∈ Nj and for some ǫ we have j < ǫ < δ(∗) & hǫ ∈ Yn(∗), so
θ ∈ Dom(hǫ) and sup(Ni ∩ θ) ≤ sup(Nj ∩ θ) ≤ sup(Nǫ ∩ θ) < hǫ(θ) ∈ M
′. So
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by [Sh 400, 3.3A] we know M ′ ∩ λ = N ∩ λ, so Y ⊆ M ′ ∩ λ ⊆ M ∩ λ ∈ W and
W |= “|M ∩ λ| ≤ ‖M‖ < κ as required. [Saharon: fill details]
Proof of Part (3). As in part (2), we choose δ(∗) = ℵV1 and get Ni, αi, gi, hi
(for i < δ(∗)). By ⊕0 applied to {hi : i < δ(∗)} (again translating to a set of
ordinals) there is a set B ∈ W such that W |= “|B| < κ” and A ∩ B infinite,
without loss of generality B ⊆ H (see proof of part (2)). So there is a limit ordinal
ζ < δ(∗) such that ζ = sup{i < ζ : hi ∈ B}. Now let M be the Skolem Hull in
(H (χ)W,∈, <∗χ) of {α : α <
⋃
i<ζ
αi} ∪B ∪ {κ, λ}, and let M
′ = M ∩Nζ so clearly
M ′∩λ ⊆M ∩λ ∈W, |M ′∩λ| ≤ |M ∩λ| ≤ ‖M‖ < κ and as aboveM ′∩λ = Nζ ∩λ,
so Nζ ∩ λ =M
′ ∩ λ ∈W but Y ⊆ Nζ ∩ λ =M
′ ∩ λ ⊆M ∩ λ and are finished.
Proof of Part (4). We let δ(∗) = κ and get Ni, αi, gi, hi (for i < δ(∗)) be as before.
Now we apply part (1) with κ+(= (κ+)V = (κ+)W), {hi : i < κ} here standing for
κ and Y there, and get 〈Yn : n < ω〉. So for some n(∗) the set {i : gi ∈ Yn(∗)}
is unbounded in κ. Let M be the Skolem Hull in (H (χ)W,∈, <∗χ) of {α : α <⋃
i<δ(∗)
αi} ∪ Yn(∗) ∪ {κ, λ}. As before N ⊆ M,M ∈W and W |= “‖M‖ < κ
+”. So
W |= “‖M‖ = κ” hence there is a one to one function f ∈W from {i : i < κ} onto
M , so for some club E ∈ V of κ (in V)
i ∈ E ⇒ Ni ⊆ Rang(f ↾ i).
So for each i ∈ E, Y ⊆ Rang(f ↾ i) hence we are done.
5) So we have already chosen Ni, αi, gi, hi for i < κ. By parts (2) + (4) we can
assume without loss of generality that Dom(hi) has cardinality < κ. Let Nκ =⋃
i<κ
Ni, by part (1) there is a sequence 〈Yn : n < ω〉 satisfying Yn ∈W such that:
{hi : i < κ} ⊆
⋃
n<ω
Yn ⊆ H = {f ∈W :f a partial function from
(λ+ 1) ∩ RegW\κ to λ+ 1}
and for each n,W |= “|Yn| < κ
+”. So for some n(∗), {i < κ : hi ∈ Yn(∗)} is
unbounded in κ. So in W there is a list 〈fi : i < κ〉 of Yn(∗). In V, for each i < κ
let ji < κ be minimal such that:
(a) hi ∈ {fζ : ζ < ji};
(b) if for some ζ < κ, fi ≤ hζ (i.e. Dom(fi) ⊆ Dom(hζ) and (∀θ ∈ Dom(fi))[fi(θ) ≤
hζ(θ)] then there is such ζ < ji
(c) ji ≥ i+ 1.
Let E = {ζ < κ : for every i < ζ, ji < ζ, and ζ is a limit ordinal}. Now for each
ζ ∈ E note that
(∗)1(α) {hi : i < ζ} ⊆ {fi : i < ζ};
(β)
∧
i<ζ
[
∨
j<κ
fi ≤ hj ↔
∨
j<ζ
fi ≤ hj ].
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As [i < j ⇒ hi < hj ] clearly we get:
(β)′
∧
i<ζ
[
∨
j<ζ
fi ≤ hj ⇔ fi ≤ hζ ].
Define for ζ ≤ κ a function f∗ζ as follows:
(∗)2 Dom(f
∗
ζ ) =
⋃
{Dom(fi) : i < ζ and fi ≦ hζ}
f∗ζ (θ) = sup{fi(θ) : i < ζ and fi ≦ hζ}.
So clearly
(∗)3 for ζ ∈ E, Dom(f
∗
ζ ) = ∪{Dom(hi) : i < ζ}, f
∗
ζ (θ) = sup{hi(θ) : i < ζ}
hence Dom(f∗ζ ) = Nζ′ ∩ (λ+ 1) ∩ Reg
W\(κ+ 1)
(∗)4 f
∗
ζ ∈ W, and even for 〈f
∗
ζ : ζ < κ limit〉 ∈ W. Let us define for ζ ≤ κ a
function g∗ζ :
Dom(g∗ζ ) =
⋃
i<ζ
Dom(hi) ⊆ (λ+ 1) ∩ Reg
W\κ,
g∗ζ (θ) =
⋃
i<ζ
gi(θ).
Clearly for ζ limit:
(∗)5 Dom(g
∗
ζ ) = (λ+ 1) ∩ Reg
W ∩Nζ\κ
and if ζ ∈ E
θ ∈ Dom(g∗ζ )⇒ g
∗
ζ (θ) =
⋃
{gi(θ) : i < ζ, θ ∈ Ni} =
⋃
{hi(θ) : i < ζ, θ ∈ Ni}
=
⋃
{fi(θ) : i < ζ and fi ≤ hζ} = f
∗
ζ (θ).
So for ζ ∈ E we have g∗ζ ⊆ f
∗
ζ but by (∗)3 + (∗)5 they have the same domain hence
g∗ζ = f
∗
ζ .
For every θ ∈ Nκ∩ ((λ+1)∩ Reg
W\(κ+1)), gκ(θ) is an ordinal ∈ (κ, θ) ⊆ (κ, λ)
of cofinality κ, so Cgκ(θ) is a set of ordinals of order type κ; let Cgκ(θ) = {α
θ
ζ :
ζ < κ}, (increasing); it is strictly increasing continuous and has limit gκ(θ); also
〈g∗ζ (θ) : ζ < κ〉 is also strictly increasing continuous with limit g
∗
κ(θ). Clearly
Eθ = {ζ < κ : ζ limit ordinal and α
θ
ζ = g
∗
ζ (θ) (so θ ∈ Nζ)} is a club of κ (in V ; as
V |= “κ regular uncountable”). So for ζ ∈ Eθ, Cαθ
ζ
= Cgκ(θ) ∩ α
θ
ζ ⊆ Nζ+1, hence
[ζ ∈ acc Eθ ⇒ Cgκ(θ) ∩ α
θ
ζ ⊆ Nζ ]. Let E
∗ = {ζ ∈ E : (∀i < ζ)(∀θ ∈ Ni)[θ ∈
(λ+ 1) ∩ RegW \(κ+ 1)⇒ ζ ∈ acc Eθ}. So for ζ ∈ E
∗, ζ is a limit ordinal and:
θ ∈ Nζ ∩ ((λ+ 1) ∩ Reg
W \(κ+ 1))⇒ Cf∗
ζ
(θ) = Cg∗
ζ
(θ)
= Cg∗κ(θ) ∩ g
∗
ζ (θ) ⊆ Nζ .
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Now we shall show that for ζ ∈ E∗, Nζ ∩λ ∈W . For ζ ∈ E
∗ we define by induction
on n < ω,Mnζ :
M0ζ is the Skolem Hull in (H (χ)
W,∈, <∗) of {α : α < αζ}.
Let Mn+1ζ be the Skolem Hull in (H (χ)
W,∈, <∗χ) of
Mnζ ∪
⋃
{Cf∗
ζ
(θ) : θ ∈ (λ+ 1) ∩ Reg
W\(κ+ 1) and θ ∈Mnζ ∩ Dom f
∗
ζ }.
Let Mζ =
⋃
n<ω
Mnζ , clearly Mζ ∈W (as f
∗
ζ ∈W) we can prove by induction on n
that Mnζ ⊆ Nζ , hence: Mζ ⊆ Nζ . Also αζ ⊆Mζ ∩ κ ⊆ Nζ ∩ κ = αζ , and:
θ ∈Mζ ∩ ((λ+1)∩ Reg
W \(κ+1))⇒ Cg∗
ζ
(θ) is an unbounded of subsets of
both Nζ ∩ θ,Mζ ∩ θ.
So by [Sh 400, 5.1A(1)] we get Nζ ∩λ =Mζ ∩λ. Alternatively, let for ζ ∈ E,M
∗
ζ is
the Skolem hull of αζ ∪ {f
∗
i : i < ζ} in (H (χ)
W,∈, <∗χ); so clearly M
∗
ζ ⊆ Nζ and
again by [Sh 400, 5.1A] we have M∗ζ ∩ λ = Nζ ∩ λ.
6) The winning strategy for the second player is to choose “on the side” also
Ni, αi, hi, gi as in the common part of the proof of parts (2)-(5) and guarantee-
ing: ai include
⋃
j<i
(Nj ∩ λ)∪
⋃
j<i
bj , Ni+1 include bi and Ni ∩ λ is the universe of an
elementary submodel of (H (χ)W,∈, <∗χ) ∈W. 2.7
2.8 Remark. 1) We can put λ as a parameter of the Lemma 2.7, then in (∗)κ, a ⊆
(λ+ 1) ∩ RegW\κ, etc., (so we may write (∗)κ) and Y ⊆ λ (in parts (1)-(4)) and
α ≤ λ (in ⊗ of part (5)).
2) Note that (∗)λκ follows easily from the relevant covering property in [Sh:g, Ch.VII]:
(∗) if a ∈ V, a ⊆ λ,V |= “|a| < κ” then for some b ∈W, a ⊆ b,W |= “|b| < κ”.
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§3 pcf Inaccessibility and Characterizing the Existence
of Non <-decreasing Sequences (for a Topological Problem)
3.1 Definition. 1) We say λ is (µ, θ, σ)-inaccessible if λ > µ ≥ θ > σ and for any
a ⊆ Reg we have: if |a| < θ, Min(a) > µ and a ⊆ λ, even sup(a) < λ and I is a
σ-complete ideal on a, then λ  tcf(Πa/I) (when tcf is well defined).
2) If we write ∗ instead of µ we mean “for some µ, θ ≤ µ < λ”.
3) If we omit σ we mean σ = ℵ0.
4) “accessible” is just the negation of “inaccessible”.
We now rephrase various old results.
3.2 Claim. 1) For λ regular, in the definition, “and σ-complete I, λ  tcf(Πa/I)”
can be replaced by “λ /∈ pcfσ-complete(a)” and also by “λ 6= tcf(Πa/I) for any a ⊆
Reg ∩ (µ, λ), |a| < θ, I being σ-complete”; also if cf(λ) /∈ [σ, θ) then “ sup(a) < λ”
is not necessary just “λ /∈ a”.
2) Assume λ > µ ≥ θ > σ and cf(λ) ≥ σ. Then λ is (µ, θ, σ)-inaccessible iff
[λ′ ∈ (µ, λ) & σ ≤ cf(λ′) < θ ⇒ ppΓ(θ,σ)(λ
′) < λ].
3) If λ = cf(λ) > µ ≥ θ = cf(θ) > σ, λ is (µ, θ, σ)-accessible then there is a set
a ⊆ Reg ∩ (µ, λ) of (µ, θ, σ)-inaccessible cardinals each > µ, a of cardinality < θ
such that λ ∈ pcfσ-complete(a).
4) If λ = cf(λ) ≥ κ > µ ≥ θ > σ = cf(σ), and (∃a)[a ∈ Reg ∩ (µ, κ) & |a| < θ &
λ ∈ pcfσ-complete(a)] then there is a set a of (µ, θ, σ)-inaccessible cardinals ∈ (µ, κ)
with |a| < θ such that λ = max pcf(a), and λ ∈ pcfσ-complete(a). If κ is (µ, θ, σ)-
inaccessible then necessarily sup(a) = κ, Jbda ⊆ J<λ[a]. If σ = ℵ0, also there is a
tree of cardinality ≦ κ and ≥ λ ((cfκ)-branches if κ is (µ, θ, σ)-inaccessible).
5) If λ = max pcf(a), κ = |a| ≤ µ < Min(a), each θ ∈ a is (µ, κ+, 2)-inaccessible
then there is a tree of cardinality sup(a) and ≥ λcf(otp)-branches. If we have κ
pairwise disjoint subsets of a not in J<λ[a], 2
κ ≥ sup(a) or on each θ ∈ a there is
an entangled linear order then there is an entangled linear order of cardinality λ.
6) If µ < λ < pp+(µ), then there is a tree with ≤ µ nodes and ≥ λ branches. If µ
is (∗, (cfµ)+, 2)-inaccessible we can demand “ ≥ λ (cfµ)-branches”.
Proof. 1) Easy (using pcf analysis and [Sh 355, §1]).
2) Easy, too (use [Sh 355, 2.4]).
3) Prove by induction on λ using [Sh 345a, 1.10] (so in [Sh 345a, 1.12] we can
replace pcf by pcfσ-complete).
4) Similar to (3).
5) By [Sh 355, §4].
6) Easy, too.
We state some variants of [Sh 400, §2,§4]; specifically combining [Sh 400, 2.4,4.2]:
3.3 Claim. Suppose:
(i) 〈λζ : ζ < ζ(∗)〉 is a strictly increasing sequence of regular cardinals > σ
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(ii) for ζ limit, λζ = (
⋃
ξ<ζ
λξ)
+
(iii) λζ ∈ pcf(aζ)
(iv) aζ ⊆ Reg ∩ (σ
+, λ0) and |aζ | < σ, σ regular.
Then ζ(∗) < σ+3.
Similarly combining [Sh 400, 2.4,4.2]
3.4 Claim. Suppose:
(i) 〈λζ : ζ < ζ(∗)〉 is a strictly increasing sequence of regular cardinals > κ
(ii) for ζ limit, λζ = (
⋃
ξ<ζ
λξ)
+ sn
(iii) λζ ∈ pcfσ-complete(aζ) where σ is regular
(iv) aζ ⊆ Reg ∩ (κ
+, λ0), |aζ| < κ, κ regular
(v) aζ ⊆ b and if 〈µζ : ζ ≦ κ
+2〉 is strictly increasing sequence of regular
a ⊆ b, |a| < κ, {µζ : ζ < κ
+2} ⊆ pcf(a), µκ+2 = max pcf{µζ : ζ < κ
+2}
and (λ0 +
∑
ζ<κ+2
µζ)
+ < µκ+2 <
⋃
ζ<ξ
{λζ : ζ < κ
+3}, then there are µ′ζ < µζ
regular, as for ζ ≦ κ+2 and a′ ⊆ b with the same properties and Σ{µζ : ζ <
κ+2} = Σ{µ′ζ : ζ < κ
+2}.
Then ζ(∗) < Max{κ+3, cov(
⋃
ζ<ξ
aζ , κ, κ, σ)
+}.
3.5 Claim. The following is impossible:
(i) σ < κ < θ < µ are regular, κ+ < θ
(ii) 〈λζ : ζ < µ〉 is a strictly increasing sequence of regular cardinals > µ
(iii) S = {ǫ < µ : cf(ǫ) = θ and for some club C of ǫ, sup pcfσ-complete{λζ : ζ ∈
C} <
∑
ζ<µ
λζ} is stationary;
(iv) (a) if δ < µ, cf(δ) = κ then for every club C of δ, there is α ∈ C such
that
sup pcfσ-complete{λζ : ζ ∈ α ∩ C} ≥
⋃
ζ∈C
λζ
or
(b) λζ ∈ pcfσ-complete(aζ), |aζ| < κ and µ > cov(
⋃
ζ<µ
aζ , κ, κ, σ).
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3.6 Claim. Assume |a| < Min(a), then
cf≤|a|(Π pcf(a)) ≤ max pcf(a).
Proof. More is proved in [Sh 371, §3].
∗ ∗ ∗
The following answers a question of Gerlits, Hajnal and Szentmiklossy in [GHS].
They dealt with “κ-good topological spaces X” (i.e. every subset is the union of
≤ κ compact sets) and “weakly κ-good spaces” (every Y ⊆ X of cardinality > κ
contains a compact subset of cardinality > κ). [GHS] has the easy implication.
We return to this in [Sh 513, §6].
3.7 Theorem. The following conditions on κ < σ < θ are equivalent: (κ is an
infinite cardinal, σ and θ are ordinals)
(A)κ,σ,θ there are functions fα : κ→ σ for α < θ such that:
α < β ⇒
∨
i<κ
fα(i) < fβ(i)
(B)κ,σ,θ 2
κ ≥ |θ| or for every regular µ1 ≤ θ for some singular cardinal λ
∗ ≤ σ we
have:
cf(λ∗) ≤ κ, λ∗ > 2κ, pp+(λ∗) > µ1.
Proof. First note
3.8 Observation. Let κ < σ, κ an infinite cardinal, σ, θ are ordinals. If for every
regular θ1, σ ≤ θ1 < θ the statement (A)κ,σ,θ1 holds and θ is singular (e.g. θ > |θ|),
then (A)κ,σ,θ holds.
Proof. We prove this by induction on θ; if θ ≤ σ – trivial: use the constant functions.
As θ is singular θ =
∑
α<θ(∗)
θα where θ(∗) < θ, θα < θ, θα increasing continuous,
θ0 = 0. By the assumption for each α < θ(∗), there is a sequence 〈f
α
i : i < θα〉
as required in (A)κ,σ,θα , [why? if θα is singular by the induction hypothesis, if θα
is regular by an assumption of 3.8]. Similarly there is 〈fi : i < θ(∗)〉 exemplifying
(A)κ,σ,θ(∗).
For i < θ let i =
∑
β<α(i)
θβ + j(i), j(i) < θα(i), α(i) < θ(∗) and let gi : κ → λ be
gi(2ζ) = fα(i)(ζ), gi(2ζ + 1) = f
α(i)
j(i) (ζ). 3.8
Continuation of the Proof of 3.7. First we do the easy direction.
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(B)⇒ (A)
First Case: 2κ ≥ |θ|.
Let {Aα : α < θ} be a family of |θ| distinct subsets of κ, let A
′
α = {2i : i ∈
Aα} ∪ {2i+ 1 : i /∈ Aα, i < κ} and let fα : θ → {0, 1} ⊆ λ be
fα(i) =
{
0 if i ∈ A′α
1 if i /∈ A′α.
Second Case: λ∗ ≦ σ,cf(λ∗) ≤ κ, λ∗ > 2κ, pp+(λ∗) > θ, θ a regular cardinal.
So there are regular cardinals λi < λ
∗ for i < κ (such that λi > κ) and an ideal
J on κ, κ /∈ J such that
∏
i<κ
λi/J has true cofinality θ1 ≥ θ. So there is a sequence
〈fα : α < θ1〉, fα ∈
∏
i<κ
λi and α < β ⇒ fα < fβ mod J . Now 〈fα : α < θ〉 is a
sequence as required.
By 3.8 those two cases suffice.
(A)⇒ (B)
Let 〈fα : α < θ〉 be as in (A).
We can assume that (B) fails, σ minimal for which this occurs (for a given κ for
some θ) and θ minimal for the given κ and σ. So θ ≥ (2κ)+. By Observation 3.8, θ
is a regular cardinal. So 2κ < θ (hence 2κ < σ) and [a ⊆ Reg ∩ σ+\κ+ & |a| ≤
κ⇒ max pcf a < θ], and σ < θ.
As θ is a regular cardinal necessarily cf(σ) ≤ κ (otherwise for some σ1 < σ
the set {α < θ : Rang(fα) ⊆ σ1} is unbounded in θ, contradicting the minimality
of σ). Also σ is a limit ordinal as 2κ < θ = cf(θ) (as if σ = β + 1, for some
A ⊆ κ,B = {α :
∧
i<κ
[i ∈ A⇔ fα(i) = β]} has cardinality θ, so {fα ↾ (κ\A) : α ∈ B}
essentially contradicts the minimality of σ).
Let χ be regular large enough. We choose by induction on i < (2κ)+, a model
Ni such that:
Ni ≺ (H (χ),∈, <
∗
χ)
‖Ni‖ = 2
κ
2κ ⊆ N0
κ, σ, θ ∈ N0, 〈fα : α < θ〉 ∈ N0
i < j ⇒ Ni ≺ Nj
〈Nj : j ≤ i〉 ∈ Ni+1
Ni increasing continuous.
Let δi =: sup(θ ∩Ni) so 〈δi : i < (2
κ)+〉 is strictly increasing continuous (as θ is
regular, θ > σ and σ > 2κ, necessarily δi < θ). We define for i < (2
κ)+, a function
gi ∈
κσ by
gi(ζ) = Min(Ni ∩ σ\fδi(ζ))
(it is well defined as σ ∈ N0 ⊆ Ni and N ∩ σ is unbounded in σ as cf σ ≤ κ).
Now i < (2κ)+, cf(i) = κ+ implies Ni =
⋃
j<i
Nj and Rang gi ⊆
⋃
j<i
Nj hence∨
j<i
[Rang(gi) ⊆ Nj ]; but every subset of Nj of cardinality ≤ κ belongs to Nj+1,
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hence gi ∈
⋃
j<i
Nj . So by Fodor Lemma for some stationary subset S of {i < (2
κ)+ :
cf(i) = κ+} and some g∗ : κ→ σ and some A ⊆ κ and some i(∗) < (2κ)+ we have:
[i ∈ S ⇒ gi = g
∗], (∀i ∈ S)(∀ζ < κ)[fδi(ζ) = g
∗(ζ) ⇔ ζ /∈ A] and g∗ ∈ Ni(∗); note
A ∈ N0 ⊆ Ni(∗) as A ⊆ κ.
Clearly i ∈ S & ζ ∈ A ⇒ cf[g∗(ζ)] > 2κ (otherwise g∗(ζ) = sup(Ni ∩ g
∗(ζ))
(as Ni ≺ (H (χ),∈, <
∗
χ), 2
κ + 1 ⊆ N0 ⊆ Ni) and easy contradiction). Also, as the
fα’s are pairwise distinct, clearly A 6= ∅.
Question: What is cf[
∏
ζ∈A
cf[g∗(ζ)]]?
(I.e. cofinality of the partial ordered set).
By [Sh 355, 3.1] it is max pcf{cf[g∗(ζ)] : ζ ∈ A}, which by an assumption is < θ,
so there is a familyG ⊆
∏
ζ∈A
g∗(ζ) of cardinality< θ such that (∀f ∈
∏
ζ∈A
g∗(ζ))(∃g ∈
G)[f < g]. As the parameters in the demands on G belongs to Ni(∗), without loss
of generality G ∈ Ni(∗).
Now we can define a partial function H from the family G to θ:
if g ∈ G and for some α the condition (∗) below holds then H(g) is such an
ordinal
if g ∈ G and for no α the condition (∗) below holds then H(g) is not defined
where
(∗) α < θ, fα ↾ (κ\A) = g
∗ ↾ (κ\A) and g = g ↾ A ≤ fα ↾ A ≤ g
∗ ↾ A.
Now we can choose an ordinal j(∗) such that
i(∗) < j(∗) < (2κ)+, j(∗) ∈ S
(possible as S is a stationary subset of (2κ)+).
We know that there is a function h ∈ G such that fδj(∗) ↾ A < h.
Question: Is H(h) well defined?
Possibility A: The answer is yes.
Then H(h) < ∪{H(g) + 1 : g ∈ (Dom(H)) ⊆ G}. This union is an ordinal < θ
(as |G| < θ and Rang(H) ⊆ θ and θ is regular); also this union belongs to Ni(∗) (as
G,H ∈ Ni(∗)), hence the union is an ordinal < δi(∗) < δj(∗). So H(h) < δj(∗).
But (by the choice of h for the first inequality, and definition of H(h) for the
second inequality)
⊗1 fδj(∗) ↾ A ≤ gj(∗) ↾ A < h ↾ A ≤ fH(h) ↾ A
and (by the definition of H for the first equality, choice of g∗ and j(∗) ∈ S for the
second):
⊗2 fH(h) ↾ (κ\A) = g
∗ ↾ (κ\A) = fδj(∗) ↾ (κ\A).
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Now ⊗1,⊗2 together implies fδj(∗) ≤ fH(h), but as said earlier H(h) < δj(∗) < θ,
together they contradict the choice of 〈fα : α < θ〉.
Possibility B: The answer is no.
So H(h) is not well defined and without loss of generality h ∈ Nj(∗)+1 (as all
parameters in the requirements on it are in Nj(∗)+1). Choose j ∈ S, j > j(∗); as
H(h) is not well defined, no α < θ satisfies the requirements in (∗). But of the three
demands on α, δj trivially satisfy two and a half: “α < θ, fα ↾ (κ\A) = g
∗ ↾ (κ\A)
and fα ↾ A ≤ g
∗ ↾ A”; so the remaining one should fail, i.e. ¬[h ↾ A ≤ fδj ↾ A].
So for some ζ ∈ A we have h(ζ) > fδj (ζ); now h ∈ Njj(∗)+1 ⊆ Nj hence h(ζ) ∈ Nj
hence h(ζ) ∈ Nj ∩ σ\fδj (ζ), hence (by the definition of gj), gj(ζ) ≤ h(ζ) hence (as
j ∈ S) we have g∗(ζ) ≤ h(ζ) but h ∈ G ⊆
∏
ξ∈A
g∗(ξ), so h(ζ) < g∗(ζ), contradiction.
3.7
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§4 Entangled Orders — Narrow Order Boolean Algebra Revisited
4.1 Theorem. 1) If κ+4 ≤ cf(λ) < λ ≤ 2κ then there is an entangled linear order
of cardinality λ.
2) Moreover, if χ0 < λ we can demand that the linear order has density character
≥ χ0 (in fact, in every interval of the linear order).
Remark. See more [Sh 462] and [Sh 666].
Proof. Without loss of generality χ0 > cf(λ) ≥ κ
+4. By [Sh 355, 2.1] there is an
increasing continuous sequence 〈λi : i < cf(λ)〉 of singular cardinals with limit λ
such that tcf(
∏
i<cf(λ)
λ+i , <Jbdcf(λ)
) = λ+ and λ0 > χ0. The proof will be split to cases
(one of them relies on the solution to others for smaller cardinals, so you may want
to say we are proving 4.1 by induction on λ). Without loss of generality χ0 > cf(λ).
Case I: For i < cf(λ) we have max pcf{λ+j : j < i} < λ.
So for some unbounded A ⊆ cf(λ) we have i ∈ A ⇒ λ+i > max pcf{λ
+
j : j ∈
A ∩ i}.
So a = {λ+i : i ∈ A} is as required in [Sh 355, 4.12] (with λ
+, cf(λ) here standing
for λ, κ there, noting that 2cf(λ) ≥ 2κ ≥ λ).
So we can assume:
Assumption — not Case I
So there is µ, χ0 < µ < λ, cf(µ) < cf(λ), pp<cf(λ)(µ) > λ. Choose a minimal
such µ, so by 3.2(2):
(∗) a ⊆ Reg \χ0 & sup(a) < µ & |a| < cf(λ)⇒ max pcf(a) < λ.
Clearly (by [Sh 355, 2.3]) in (∗)’s conclusion we can replace “ < λ” by “ < µ” i.e.
(∗)′ a ⊆ Reg \χ0 & sup(a) < µ & |a| < cf(λ)⇒ max pcf(a) < µ.
Let σ =: cf(µ), so pp(µ) = pp<cf(λ)(µ) (by [Sh 371, 1.6(3)]) and remember
pp<cf(λ)(µ) > λ.
Case II: σ ≥ κ (and not Case I; actually 2σ ≥ µ suffices).
First assume σ > ℵ0. As said above pp<cf(λ)(µ) > λ and by [Sh 371, 1.7]
there is a strictly increasing sequence 〈µ∗i : i < σ〉 of regular cardinals satisfying
µ =
⋃
i<σ
µ∗i , and λ
+ = max pcf{µ∗i : i < σ} = tcf
∏
i<σ
µ∗i /J
bd
δ . Now as we can
replace 〈µ∗i : i < σ〉 by 〈µ
∗
i : i ∈ A〉 for any A ⊆ σ unbounded, by (∗)
′ without loss
of generality µ∗i > max pcf{µ
∗
j : j < i}, so we can apply again [Sh 355, 4.12] (or
3.2(5)).
When σ = ℵ0, 4.1 follows from [Sh 355, 4.13(1)].
Case III: cf(λ) = κ+4 and σ < κ (instead σ < µ, 2σ < λ suffice).
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So σ+4 ≤ cf(λ). Let P =: {A : A ⊆ cf(λ), otp(A) = κ+, A is a closed subset
of sup(A) and max pcf{λ+i : i ∈ c} = λ
+
sup(A)}. For any C ∈ P, try to choose by
induction on i < κ+(bi) = bi[C] and γi = γi[C] such that:
(i) bi ⊆ Reg ∩ µ\
⋃
j<i
bj\χ0
(ii) γi ∈ C\
⋃
j<i
(γj + 1)
(iii) λ+γi ∈ pcf(bi)
(iv) |bi| ≤ κ
(v) all members of bi are (χ0, κ
+,ℵ0)-inaccessible
(vi) γi is minimal under those requirements.
Subcase IIIa: For some j < κ+.
For every C ∈ P such that Min(C) ≥ j. For some ε(∗) < cf(λ), we cannot
define bi, γi are defined iff ε(∗).
Let C, i(∗) be as above. Let γ∗ =
⋃
i<i(∗)
γi, so γ
∗ ∈ C. Now if γ ∈ C\γ∗ then
(by [Sh 355, 1.5B]) as ppσ(µ) ≥ λ
+ > λ+γ , there is aγ ⊆ Reg ∩ (χ0, µ), |aγ| ≤ σ
such that λ+γ ∈ pcf(aγ). By 3.2(3) there is cγ ⊆ Reg ∩ (χ0, µ) of cardinality
≤ κ consisting of (χ0, κ
+,ℵ0)-inaccessible cardinals such that λ
+
γ ∈ pcf(cγ). Now
γ, cγ\
⋃
i<i(∗)
bi cannot serve as γi(∗), bi(∗) so necessarily λ
+
γ /∈ pcf(cγ\
⋃
i<i(∗)
bi) hence
without loss of generality cγ ⊆
⋃
i<i(∗)
bi.
Version 2: So {λ+γ : γ ∈ C\i(∗)} ⊆ pcf{
⋃
i<i(∗)
bi} and |
⋃
i<i(∗)
bi| ≤ κ. By the proof
of [Sh 400, 4.2] we get a contradiction.
Subcase IIIb: For every j < cf(λ) there are C ∈ P with Min(C) > j such that for
C, the pair (bi, γi) defined for every i < κ
+.
We shall now show
⊗ for every i(∗) < cf(λ) there is λ′ ∈ λ∩ pcf{λ+j : j < cf(λ)}\λi(∗) such that
Ens(λ′, λ′) (exemplified by linear order which has density character > χ0 in
every interval).
Why ⊗ is sufficient: We can for i < cf(λ), choose µ∗i , λi < µ
∗
i = cf(µ
∗
i ) ∈ λ ∩
pcf{λ+j : j < cf(λ)}, as required in ⊗. As
∧
i
µ∗i < λ without loss of generality
〈µ∗i : i < cf(λ)〉 is (strictly) increasing. We try to choose by i induction on
ǫ < cf(λ), i(ǫ) < cf(λ) strictly increasing such that µ∗i(ǫ) > max pcf{µ
∗
i(ζ) : ζ < ǫ}.
Let i(ǫ) be defined iff ǫ < ǫ(∗). So ǫ(∗) is ≤ cf(λ) and is a limit ordinal λ
and max pcf{µ∗i(ǫ) : ǫ < ǫ(∗)} ≥ λ hence ≥ λ
+, but pcf{µ∗i(ε) : ε < ε(∗)} ⊆
pcf{λ+j : j < cf(λ
+)} ⊆ λ+ + 1 hence λ+ = max pcf{µ∗i(ε) : ε < ε(∗)}. Note that
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µ∗i(ǫ) > max pcf{µ
∗
i(ζ) : ζ < ǫ}, µ
∗
i(ǫ) is strictly increasing, and Ens(µ
∗
i(ǫ), µ
∗
i(ǫ)) for
ε < ε(∗). So applying [Sh 355, 4.12] we finish.
Why ⊗ holds: Let i(∗) < cf(λ) be given. Choose C ⊆ (i(∗), cf(λ)) from P such
that (bε[C], γε[C]) is defined iff ε < ε[C] and ε[C] < κ
+. By the definition of P
we have max pcf{λ+γ : γ ∈ C} < λ. Let d =: {λ
+
γ : γ ∈ C}, let 〈bθ[d] : θ ∈ pcf(d)〉
be as in [Sh 371, 2.6]. Let θ be minimal such that otp(bθ[d]) is ≥ κ. We can
find Bǫ ⊆ C (for ǫ < κ) such that {λ
+
γ : γ ∈ Bǫ} ⊆ bθ[d], otp|Bǫ| = κ and the
Bǫ’s are pairwise disjoint. Clearly max pcf{λ
+
γ : γ ∈ Bǫ} = θ as {λ
+
γ : γ ∈ Bǫ}
is ⊆ bθ[d], but is not a subset of any finite union of bθ′ [c], θ
′ < θ. Now letting
a∗ =: ∪{bε[C] : ε < ε[C]}, there is (by [Sh 371, 2.6]) a subset a of a
∗ such that
θ = max pcf(a) but θ /∈ pcf(a∗\a). Now as θ ∈ pcf{λ+γ : γ ∈ Bǫ}, λ
+
γ ∈ pcf(bγ)
we have (by [Sh 345a, 1.12]) θ ∈ pcf(
⋃
γ∈Bǫ
bγ) hence by the previous sentence
θ ∈ pcf(a∩
⋃
γ∈Bǫ
bγ). Let cǫ =: a∩
⋃
γ∈Bǫ
bγ , λ
′ = θ, we can apply [Sh 355, 4.12] and
get that there is an entangled linear order of cardinality λ′ (which is more than
required, see [Sh 345b]); and, of course, λi(∗) < λ
′ ∈ λ ∩ pcf{λj : j < cf(λ)}. The
assumptions of [Sh 355, 4.12] holds as the cǫ are pairwise disjoint (by (i) above),
θ ∈ pcf{λ+γ : γ ∈ Bǫ{⊆ pcf(
⋃
γ∈Bǫ
bγ) = pcf(cǫ) and [θ1 ∈ a ⇒ max pcf(a ∩ θ1) <
θ1] as θ1 is (χ0, κ
+,ℵ0)-inaccessible and θ = λ
′ ≥ sup{λ+γ : γ ∈ C} > λi(∗) > χ0.
So ⊗ holds and we finish Subcase IIIb hence Case III.
Case IV: cf(λ) > κ+4 and σ ≤ κ (and not Case I).
For each δ < cf(λ) of cofinality κ+4 we can apply the previous cases (or the
induction hypothesis on λ) and get an entangled linear order of power λ+δ . So ⊗
holds and we finish as in Subcase IIIb. 4.1
4.2 Claim. Assume κ+4 ≤ θ = cf(θ), 〈λi : i < θ〉 is a strictly increasing sequence
of regular cardinals, θ < λi ≤ 2
κ and λθ = tcf(
∏
i<θ
λi/J
bd
θ ).
1) If sup
i<θ
λi ≦ 2
κ then there is an entangled linear order of cardinality λθ.
2) Ens (λθ, 2
κ).
Remark. Remember that if there is an entangled linear order in λ then Ens(λ, λ)
(so [Sh 345b, 7(5)]).
Proof. Same proof as 4.1.
4.3 Claim. Assume
(i) λ is regular, uncountable
(ii) κ < λ⇒ 2κ < 2λ
(iii) for some regular χ ≦ 2λ there is no linear order of cardinality λ with ≧ χ
Dedekind cuts or even no tree of cardinality λ ≧ χ λ-branches.
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Then (2<λ < 2λ and) for some µ
(a) for every regular χ in (2<λ, 2λ] (or even (µ, 2λ]) there is an entangled linear
order of cardinality χ and density µ,
(b) µ ∈ (λ, 2<λ], cf(µ) = λ, ppΓ(λ)(µ) = 2
λ, µ is (λ, λ+, 2)-inaccessible
(the linear order is (T,<ℓx), T ⊆
µ>2 has ≦ µ nodes and ≧ χλ-branches).
[Saharon: see also [Sh 430, §3].
Proof. Note: 2<λ < 2λ [if (∃θ < λ)(2θ = 2<λ) by (ii), otherwise cf(2<λ) = λ
and by classical cardinal arithmetic, cf(2λ) > λ, hence 2<λ < 2λ]. By [Sh 355,
Lemma 5.11] if the conclusion fails then for every regular χ in (2<λ, 2λ] there is
µ, λ = cf(µ) < µ ≦ 2<λ, ppΓ(µ)(µ) ≧ χ. Choose a minimal µ such that λ <
µ ≦ 2<λ, cf(µ) ≦ cf(λ) and pp+(µ) > χ (note: µ does not depend on χ, by [Sh
355, 2.3]). So necessarily µ is (λ, λ+, 2)-inaccessible. Let χ ∈ (µ, 2λ] be regular.
As (2<λ)<λ = 2<λ necessarily cf(µ) = λ, so by [Sh 371, 1.6(3)] there is a strictly
increasing sequence 〈µi : i < cf(µ) = λ〉 of regular cardinals, λ < µi < µ, µ =
∑
i
µi
and χ = tcf(Πµi/J
bd
cfλ). As µ is (λ, λ
+, 2)-inaccessible without loss of generality
µi > max pcf{µj : j < i}. So by [Sh 355, 4.12] we finish. 4.3
4.4 Conclusion. 1) For a class of cardinals µ, there is an entangled linear order of
cardinality µ+.
2) Assume λ is strong limit singular. Then for some successor cardinal in (λ, 2λ]
there is an entangled linear order.
Proof. 1) By part (2).
2) If ℵλ+4 < 2
λ then apply theorem 4.1 (with λ,ℵλ+4 here standing for κ, λ there) so
there is an entangled linear order of cardinality ℵλ+4+1(≦ 2
λ), which is as required.
So assume 2λ ≦ ℵλ+4 . We know that there is a linear order of cardinality 2
λ and
density character λ; hence (see [Sh:g, AP,§1]) there is an entangled linear order of
cardinality cf(2λ). But as 2λ ≦ ℵλ+4 necessarily cf(2
λ) is a successor cardinal.
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§5 prd: Measuring Πf(i) by a family Γ of ideals
and family sequences 〈Bi : i < κ〉, |Bi| < µi
In [Sh 371, §4], and here in §1 we have dealt with generalizations of the measuring∏
i<κ
f(i)/I, i.e. whereas defining cov(λ, λ, θ, σ) we cover a set a ∈ [λ]<θ by < σ
subsets of cardinality < λ; there we ask that κ belongs to the closure to a normal
ideal of J union the family of A ⊆ κ for which we succeed to cover. Here we replace
“normal” by an abstract property Γ (and phrase the required properties). We also
generalize normality to ideals on Y with ι : Y → κ, a generalization used in [Sh
420, §4], [Sh 430].
5.1 Context. 1) κ is a regular uncountable cardinal, Y a set, ι a function from Y
onto κ,Yi = ι
−1({i}). Here I, J vary on ideals on Y ,Γ a family of proper ideals on
Y .
5.2 Definition. 1) ΓY ,κ,σ = {J : J a σ-complete ideal on Y } (if (Y , ι) = (κ, idκ)
this Γκ,σ is essentially Γ(κ
+, σ)).
2) ΓY ,κ = Γ
nor
Y ,κ =: {J : J a normal ideal on Y } (normal — see 5.3(0) below). If
Y = κ, ι = id we write Γnorκ .
5.3 Definition. 0) An ideal I on Y is normal if: for any club C of κ the set
⋃
i/∈C
Yi
belong to I and for any sequence 〈Ai : i < κ〉 of sets from I the set ▽iAi =: {x ∈
Y : x ∈
⋃
j<ι(x)
Aj} belongs to I. (So normal implies κ-complete).
1) We say Γ is σ-complete if every J ∈ Γ is σ-complete.
2) We say Γ is normal if every J ∈ Γ is normal.
3) We say Γ is restriction closed when: J ∈ Γ, A ⊆ κ,A 6= ∅ mod J implies there is
I ∈ Γ, J ∪ {κ\A} ⊆ I.
4) We say Γ is closed if for every P ⊆ P(Y ), cℓΓ(P) is well defined where cℓΓ(P)
is the minimal member of Γ ∪ {P(κ)} which include it, i.e. (∀I ∈ Γ)[P ⊆ I ⇔
cℓΓ(P) ⊆ I].
Note: cℓΓ for a not necessarily closed Γ, is a partial function.
5) We say Γ has character ≦ µ when: P(κ) = cℓΓ(P) where P ⊆ P(κ) implies
that for some P ′ ⊆ P of cardinality ≦ µ, we have P(κ) = cℓΓ(P).
6) The character of Γ is the minimal cardinal µ such that Γ has character ≦ µ.
5.4 Definition. 1) We say Γ is suitable if it is θ-suitable for every θ? We say that Γ
is θ-suitable when: for every ideal J ∈ Γ on Y , if then P(κ) = cℓΓ(J ∪{f
−1
η ({0}) :
η ∈ T}) where
(i) T is a (non-empty) set of finite sequences of ordinals < θ closed under initial
segments
(ii) Aη ⊆ Y for η ∈ T and A<> = Y
(iii) for each η ∈ T of length n,
P(κ) = cℓΓ(J ∪ {κ\Aη↾0, . . . , κ\Aη↾n} ∪ {Aηˆ<i> : ηˆ < i >∈ T})
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(iv) η ⊳ ν ⇒ Aη ⊇ Aν
(v) fη : Aη → Ord
(vi) if ηˆ < ζ >∈ T and y ∈ Aηˆ<ζ>, fη(y) 6= 0 then fη(y) > fηˆ<ζ>(y).
5.5 Remark. 1) Clearly for θ1 ≦ θ2 if Γ is θ2-suitable then Γ is θ1-suitable.
2) If θ ≧ 2|Y | its value is immaterial, so we can omit it.
5.6 Claim. 1) ΓY ,κ,σ, if κ ≧ σ = cf(σ) > ℵ0 is closed, restriction closed, of
character σ and is suitable. For P ⊆ P(Y ),
cℓΓY ,κ,σ(P) =
{
Z : for some α < σ,Ai ∈ P for i < α we have Z ⊆
⋃
i<α
Ai
}
.
2) If P is a family of subsets of Y ,Γ = Γnor
Y ,κ then
cℓΓ(P) =
{
Z :Z ⊆ Y and for some club C of κ and sequence
〈Ai : i < κ〉 of member of P we have :
Z ⊆ {x ∈ Y : ι(x) ∈ C and x ∈
⋃
j<ι(x)
Aj
}
.
3) Γnor
Y ,κ (remember κ = cf(κ) > ℵ0) is closed, restriction closed, suitable and of
character κ.
4) If Γ is θ-suitable and has character ≦ θ then it is suitable (we shall use this
freely).
Proof. 1) Let us check suitability leaving the rest to the reader; so let J, θ, 〈Aη, fη :
η ∈ T 〉 be as in Definition 5.4. If the required conclusion in Definition 5.4 fails then
there is a σ-complete filter I on κ containing J ∪ {f−1η ({0}) : η ∈ T}. For each η,
by condition (iii), for some set wη of ordinals, |wη| < σ and Bη ∈ J we have
(∗) Y = Bη ∪ {κ\Aη↾0\ . . .\Aη↾ℓgη} ∪ {Aηˆ<ζ> : ζ ∈ wη}
(and ζ ∈ wη ⇒ ηˆ < ζ >∈ T ).
Let T ∗ =: {η ∈ T : ℓ < ℓg(η) ⇒ η(ℓ) ∈ wη↾ℓ}, as σ is regular uncountable, clearly
|T ∗| < σ. Let
B =: ∪{Bη : η ∈ T
∗} ∪ {Aη : η ∈ T
∗ and Aη ∈ I} ∪ {f
−1
η ({0}) : η ∈ T
∗}.
Now B is the union of < σ members of I and I is σ-complete, so B ∈ I. Choose
y ∈ κ\B.
We now choose by induction on n, ηn such that:
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η0 =<>
ηn ∈ T
∗,
ℓg(ηn) = n
ηn E ηn+1
y ∈ Aηn .
For n = 0, η0 =<> so y ∈ Y = A<>. For n + 1, y ∈ Aηn↾n, ηn ∈ T
∗ and y /∈ B
hence y /∈ Bηn , so by (∗) there is ζn ∈ wηn such that y ∈ Aηnˆ<ζn> so ηn+1 = ηnˆ〈ζ〉
is as required.
In the end for each n we have fηn(y) > 0 as f
−1
ηn
({0}) ⊆ B, (remember ηn ∈ T
∗)
hence by condition (vi) from 5.4, 〈fηn(y) : n < ω〉 is a strictly decreasing sequence
of ordinals, contradiction.
2) Left to the reader.
3) Again we leave the proof of restriction closed and closed and having character κ
to the reader and prove suitability. The proof is similar but use diagonal union. So
by part (2) and condition (iii) of 5.4 for each η ∈ T for some Bη ∈ J and function
hη from κ to ordinals such that ηˆ〈hη(i)〉 ∈ T for i < κ, we have
(∗) Y = Bη ∪ {κ\Aη↾0\Aη↾1\ . . .\Aη↾ℓgη} ∪ {x ∈ Y : x ∈
⋃
i<ι(x)
Aηˆ〈hη(i)〉}.
By renaming, without loss of generality T ⊆ ω>κ and each hη the identity function.
Let I be the normal ideal on Y generated by J ∪ {f−1n ({0}) : η ∈ T}, so we
assume I is a normal proper ideal and we shall get a contradiction.
Now define Y ∗
Y
∗ = {x ∈ Y : (a) ι(x) a limit ordinal < κ
(b) if η ∈ T ∩ ω>ι(x) then x /∈ Bη
(c) if η ∈ T ∩ ω>ι(x) and Aη ∈ I then x /∈ Aη}.
Clearly Y ∗ ≡ Y mod I, hence we can find x(∗) ∈ Y ∗. Now we choose by induction
on nηn ∈
ω>ι(x(∗)) as in the proof of part (1) and get similar contradiction.
4) Left to the reader. 5.6
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5.7 Definition. 1) For µ¯ = 〈µi : i < κ〉, J an ideal on Y and f : Y → ord we
define
prdΓJ(f, µ¯) = Min
{
|P| :P is a family of sequences of the form 〈Bx : x ∈ Y 〉,
each Bx a set of ordinals, Bx of cardinality
< µι(x) such that for every g ∈
xord satisfying
g ≦ f, we have :
P(κ) = cℓΓ[J ∪ {{x ∈ Y : g(x) ∈ Bx} : 〈Bx : x ∈ Y 〉 ∈ P}]
}
.
2) If above J ⊆ I, I an ideal on κ
prdΓJ,I(f, µ¯) = Min
{
|P| :P is a family of sequences 〈Bx : x ∈ Y 〉,
each Bx a set of ordinals of cardinality < µι(x)
and for every g ∈ xord satisfying q ≦ f,
we have :
I ⊆ cℓΓ(J ∪ {{x ∈ Y : g(x) ∈ Bx} : 〈Bx : x ∈ X〉 ∈ P})
}
.
3) If µ¯ is constantly µ, we may write µ instead. We can use also µ¯ = 〈µx : x ∈ Y 〉,
(but usually do not) with the obvious meaning.
5.8 Claim. 1) If {x ∈ Y : f(x) < ω} ∈ J we can in 5.7 demand g <J f , and if in
addition
∧
x
f(x) 6= 0 we can demand g < f (without changing the values).
2) If {x : f(x) ≧ µι(x)} ∈ J then prd
Γ
J (f, µ¯) = 1.
3) If
∧
µi = µ, cf(µ>|Y |, {x : f(x) > µ} ∈ J then prd
Γ
J (f, µ¯) ≦ cf(µ).
4) If f1 ≦J f2 or just {x : |f1(x)| > |f2(x)|} ∈ J then prd
Γ
J (f1, µ¯) ≦ prd
Γ
J(f2, µ¯)
(and the other obvious monotonicity properties).
5) If µi = µ, cf(µ) > |Y | we can in Definition 5.7 demand
∧
x∈Y
Bx = B0 for B¯ ∈ P
(i.e. without changing the value).
6) If Γ is σ-complete and restriction closed, ǫ(∗) < σ, 〈Aǫ : ǫ < ǫ(∗)〉 is a partition
of Y (J, µ¯ as in 5.7) then
sup
ǫ
prdΓJ+(κ\Aǫ)(f, µ¯) ≦ prd
Γ
J (f, µ¯) ≦
∑
ǫ
prdΓJ+(κ\Aǫ)(f, µ¯).
7) If Γ is normal and restriction closed, Aǫ ⊆ {x ∈ Y : ι(x) > ǫ} for ǫ < κ, 〈Aǫ :
ǫ < κ〉 a partition of Y \ι−1({0}) then
sup
ǫ<κ
prdΓJ+(Y \Aǫ) ≦ prd
Γ
J(f, µ¯) ≦
∑
ǫ<κ
prdΓJ+(Y \Aǫ)(f, µ¯).
8) prd
Γnorκ
J (f, µ¯) = prcJ(f, µ¯) if J ∈ Γ
nor
κ .
9) Assume Γ is normal, µ¯ℓ = 〈µℓi : i < κ〉 for ℓ = 1, 2, µ¯
1 increasing continuous and
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for each i, cf(µ1i ) < µ
1
i & µ
2
1 = (µ
1
i )
+. Then for (any Γ, J ∈ Γ and f ∈ Y Ord) we
have prdΓJ (f, µ¯
1) = prdΓJ (f, µ¯
2).
10) If µ¯ = 〈µi : i < κ〉 is increasing continuous with limit µ, and Γ is normal,
J ∈ Γ then prdΓJ (µ¯, µ¯) ≦ µ and even prd
Γ
J (µ¯, µ¯) = cf(µ).
11) If
∧
i<κ
µi = µ, cf(µ) > |Y |,Γ = ΓY ,κ,σ then for any α, prd
Γ
{∅}(α, µ¯) =
cov(|α|, µ, |Y |+, σ).
Proof. E.g.
6) The first inequality should be clear. Also the second: assume it fails, let λǫ =
prdΓJ+(κ\Aǫ)(f, µ¯),
∑
ǫ<ǫ(∗)
λǫ < prd
Γ
J (f, µ¯), let Pǫ exemplify the definition of λǫ and
P be
⋃
ǫ<ǫ(∗)
Pǫ. As
∑
ǫ
λǫ < prd
Γ
J(f, µ¯),P cannot exemplify
∑
ǫ
λǫ ≧ prd
Γ
J (f, µ¯),
so there is a function g ∈ κ ord exemplifying this, so there is a proper ideal I ∈ Γ
extending
J ∪
{
{x ∈ Y : g(x) ∈ Bx} : 〈Bx : x ∈ Y 〉 ∈ P
}
.
As Γ is σ-complete also I is σ-complete so for some ǫ < ǫ(∗) we have Aǫ /∈ I; but
Γ is restriction closed so there is I1 ∈ Γ, I ∪ {Y \Aǫ} ∈ I1. So I1 ∈ Γ extend
[J ∪ {Y \Aǫ}] ∪ {{x ∈ Y : g(x) ∈ Bx} : 〈Bx : x ∈ Y 〉 ∈ Pǫ}
contradicting the choice of Pǫ. 5.8
5.9 Lemma. 1) Suppose
(∗) µi = µ = cf(µ) > |Y |,Γ is suitable, restriction closed, f ∈
Y Ord and J an
ideal on κ.
Then:
µ+ prdΓJ(f, µ¯) = µ+ sup
{
tcf
∏
x∈Y
λx/I :I an ideal on Y in Γ⊗
extending J such that
µ < λx = cf(λx) ≦ f(x)
}
.
2) If Γ is normal, µ¯ = 〈µi : i < κ〉, µi = θ
+
i , 〈θi : i < κ〉 is increasing continuous,
θi > κ, µi > |Yi|, µ =
⋃
i<κ
µi,Γ suitable and restriction closed and f ∈
Y Ord, J an
ideal on Y then (⊗) above holds.
Proof. Like the proof of 1.2.
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5.10 Conclusion. 1) Suppose µ, µ¯,Γ, J are as in 5.9, f ∈ Y ord and {x : cf[f(x)] =
f(x) ≧ µι(x)} ∈ J then
µ+ prdΓJ (f, µ¯) = µ+ sup{prd
Γ
J (g, µ¯) : g <J f}
+ sup{tcfx
∏
x∈Y
f(x)/I : J ⊆ I ∈ Γ (and the tcf well defined)}.
2) If in addition G ⊆ {g : g ∈ Y Ord, g <J f} is cofinal or at least P(κ) =
cℓΓ[I ∪ {{i : h(i) < g(i)} : g ∈ G}] for every h <J f , (and e.g.
∧
i
f(i) ≧ θ) then
µ+ prdΓJ (f, µ¯) = µ+ sup{prd
Γ
J(g, µ¯) : g ∈ G}
+ sup{tcf
∏
x∈Y
f(x)/I : J ⊆ I ∈ Γ}.
5.11 Claim. Suppose µ, µ¯,Γ, J are as in 5.9((1) or (2)), g : Y → card and f(x) =
g(x)+ ≧ µ+ι(x).
Then prdΓJ (f, µ¯) ≦ [prd
Γ
J(g, µ¯)]
+ + µ.
Proof. Let P exemplify the value of prdΓJ (g, µ¯), say |P| = χ. So for every h <J f ,
clearly {x ∈ Y : |h(x)| ≦ g(x)} = Y mod J , hence there is Ph ⊆
∏
x∈Y
h(x)
exemplifying prdΓJ (h, µ¯) ≦ prd
Γ
J(g, µ¯) = χ. Assume prdJ (f, µ¯) > χ
+ + µ; by 5.9
there is f ′ : Y → ord, each f ′(x) a regular cardinal ≧ µi, f
′ ≦ f mod I where
I ∈ Γ an ideal extending J such that χ+ < tcf
∏
x∈Y
f ′(x)/I. Let 〈hζ : ζ < χ
′〉 be
<I -increasing cofinal in
∏
x∈Y
f ′(x)/I. As in [Sh 355, 1.5] without loss of generality
for some ζ(∗) < tcf
∏
x∈Y
f ′(x)/I of cofinality χ+ we have: 〈hζ : ξ < ζ(∗)〉 has a
<I -lub h
′ such that: for 5.9(1) {x ∈ Y : cf[f(x)] ≦ µ} ∈ I and for 5.9(2) {x ∈ Y :
cf[f(x)] < µι(x)} ∈ I; without loss of generality it is hζ(∗) and
∧
x∈Y
cf[hζ(∗)(x)] ≧
µι(x), and without loss of generality: ξ < ζ(∗) ⇒ hξ < hζ(∗). For each B¯ = 〈Bx :
x ∈ Y 〉 ∈ Phζ(∗) define a function fB¯ : fB¯(x) = sup(hζ(∗)(x) ∩Bx). So fB¯ < hζ(∗)
hence for some ξ(B¯) < ζ(∗) we have fB¯ < fξ(B¯) mod I. Let
⋃
B¯
ξ(B¯) < ξ < ζ(∗) —
possible as the number of B¯’s is ≦ |Phζ(∗)| ≦ χ < χ
+ = cf(ζ(∗)). So for B¯ ∈ Phζ(∗)
we have {x ∈ Y : fξ(x) ∈ Bx} ∈ I. But fξ < fζ(∗) so we get contradiction to the
choice of Phζ(∗) . 5.11
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5.12 Definition. Let 1− cfΓJ(〈ax : x ∈ Y 〉) be
sup
{
tcf
∏
x∈Y
λx/I : J ⊆ I ∈ Γ and λx ∈ ax for x ∈ Y
}
.
5.13 Claim. µ¯ = 〈µi : i < κ〉 is non-decreasing, Γ is a suitable restriction close
family of ideals on Y , J ∈ Γ, f ∈ Y ord and
∧
x∈Y
f(x) ≧ µι(x) = cf µι(x).
1) If λ ≦ prdΓJ (f, µ¯) is regular, then for some 〈ax : x ∈ Y 〉 we have:
(i) ax ⊆ Reg ∩ f(x)
+\µι(x)
(ii) |
⋃
x∈Y
ax| < µ if (∗) of 5.9(1) and |ax|
+ < µι(x) when 5.9(2)’s assumptions
hold
(iii) λ = 1− cfΓJ(〈ax : x ∈ Y 〉).
2) If λ is inaccessible, Γ, σ-complete and [χ < µ ⇒ cov(χ, χ0, κ, σ) < λ] then
without loss of generality |
⋃
x∈Y
ax| < χ0.
Proof. 1) Like the proof of 1.1.
2) Straight.
5.14 Claim. Assume the hypothesis of 5.9.
If g ∈ Y Ord, and each g(s) is an ordinal ≧ µι(x) and f(i) = ℵg(i) and let
λ = prdΓJ(g, µ¯) +
⋃
α<µ
|α|+3 + |Y | then prdΓJ (f, µ¯) ≦ ℵλ+ .
Proof. Assume not, so prdΓJ (f, µ¯) ≧ ℵλ++1 hence by 5.9 there is I ∈ Γ, J ⊆ I
and f∗ ≦ f such that: each f∗(x) is a regular cardinal ≧ µι(x) and ℵλ++1 ≦
tcf(
∏
x∈Y
f∗(x)/I). By [Sh 355, 1.5] for each α < λ+ such that ℵα ≧ |Y | (e.g.
α ≧ λ) there is fα <I f
∗, fα ≦ f
∗, each fα(x) a regular cardinal > µι(x) and
tcf(
∏
x∈Y
f∗(x)/I) = ℵα+1. Clearly α 6= β ⇒ fα 6=I fβ . Now let fα = ℵgα , so
gα <I g, gα ≦ g. Let P exemplify prd
Γ
J (g, µ¯) ≦ λ, so for each α < λ
+ for some
B¯α ∈ P, {y : fα(y) ∈ {ℵj : j ∈ B
α
y }} /∈ I (and, by 5.8(9), and normality without
loss of generality sup{|Bαy | : y ∈ Y } <
∑
i<κ
µi). By 3.3 we get contradiction. 5.14
MORE ON CARDINAL ARITHMETIC SH410 35
§6 The Existence of Strongly Almost Disjoint Families
See [Sh 355, §0] on the history of the subject.
6.1 Theorem. Assume J is an ideal on κ, κ not the union of ℵ0 members of
J, µ > κ<σ where
⊗ σ = κ+ or at least ∀A ∈ J+∃B ∈ J+[B ⊆ A & |B| < σ]
and σ = cf(σ) > ℵ0.
Then
T 3J (µ) = T
2
J (µ) ≦ T
1
J (µ) ≦ T
4
J (µ)
where
T 1J (µ) = TJ (µ) = sup{|F | :F is a family of functions from κ
to µ such that for f 6= g from F we have f 6=J g}.
T 2J (µ) = sup
{
λ : there are ni < ω for i < κ and regular
λi,ℓ > κ
<σ for i < κ, ℓ < ni such that : λi,ℓ ≦ µ
and λ ≦ max pcf{λi,ℓ : i < κ, ℓ < ni}; moreover if A ∈ J
+
(= P(κ)\J) then λ ≦ max pcf{λi,ℓ : i ∈ A, ℓ < ni}}.
T 3J (µ) is defined similarly but for A ∈ J
+ we demand:
λ = max pcf{λi,ℓ : i ∈ A, ℓ < ni}
T 4J (µ) = Min{sup
s
T 2J+(κ\An)(λ) : An ⊆ An+1 ⊆ κ =
⋃
n<ω
An, An /∈ J}.
6.2 Remark. 1) Note that usually the four terms in the conclusion of the theorem
are equal.
(α) If J is ℵ1-complete then T
2
J (µ) = T
4
J (µ) hence all are equal
(β) all terms are equal if for 〈An : n < ω〉 such that An ⊆ κ,An /∈ J,An ⊆
An+1, κ =
⋃
n
An we have: for some n and B ⊆ An we have (κ, J), (B, J ∩
P(B)) are isomorphic.
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2) The supremum in the definition of T 1J (µ) is always obtained.
[Why? If F1,F2 are as there, F1 maximal |F1| < |F2| then for every f ∈ F2 there
is gf ∈ F , etc.].
Proof. T 2J (µ) = T
3
J (µ).
Trivially T 3J (µ) ≦ T
2
J (µ); for the other direction let λ appear in the sup defining
T 2J (µ), as exemplified by 〈< λi,ℓ : ℓ < ni >: i < κ〉; as max pcf{λi,ℓ : i ∈ A, ℓ < ni}
is always regular, without loss of generality λ is regular.
By [Sh 355, §1]; more elaborately, for some a ⊆ a∗ =: {λi,ℓ : ℓ < ni, i < κ}
we have [a 6= ∅ ⇒ λ = max pcf(a)] and λ /∈ pcf[a∗\a] and a 6= a∗ ⇒ λ <
max pcf(a∗\a). Define λ′i,ℓ to be λi,ℓ if λi,ℓ ∈ a
∗. If a 6= a∗ let u∗ = {(i, ℓ) :
λi,ℓ ∈ a
∗\a)}, J = {u ⊆ u∗ : max pcf{λ(i,ℓ) : (i, ℓ) ∈ u} < λ}. By [Sh 355, 1.5] we
can find regular λ′i,ℓ < λi,ℓ for (i, ℓ) ∈ u
∗ such that λ = tcf
∏
(i,ℓ)∈u∗
λ′i,ℓ/J . Now
〈λ′i,ℓ : ℓ < ni, i < κ〉 exemplifies λ ≦ T
3
J (µ).
T 3J (µ) ≦ T
1
J (µ). Very easy; of course, instead F ⊆
κµ we can have F ⊆ κY as long
as |Y | ≦ µ. For λ, 〈< λi,ℓ : ℓ < ni >: i < κ〉 as in the definition of T
3
J (µ), let
a = {λi,ℓ : i < κ, ℓ < ni} and 〈fα : α < λ〉 be a sequence of members of Πa which
is <J<λ[a]-increasing and cofinal. Now let Y =
ω>(µ + 1) and for each α < λ we
define gα ∈
κY as follows:
gα(i) =: 〈λi,ℓ : ℓ < ni〉ˆ〈fα(λi,ℓ) : ℓ < ni〉.
We leave the checking to the reader. We now turn to the main case.
T 1J (µ) ≦ T
4
J (µ). Let λ be the right side expression −T
4
J (µ) (so clearly λ ≧ µ), χ =:
i3(λ)+ and for ζ ≦ ω + 1 let: M∗ζ ≺ (H(χ),∈, <
∗
χ), ‖M
∗
ζ ‖ = λ, λ + 1 ⊆ M
∗
ζ , ζ <
ξ ≦ ω + 1 ⇒ M∗ζ ∈ M
∗
ξ . Suppose F ⊆
κµ exemplify T 1J (µ) > λ and we shall get a
contradiction, without loss of generality F ∈M∗0 . Clearly for every f ∈
κµ we have:
{g ∈ F : ¬g 6=J f} has cardinality ≦ κ
<σ (remember ⊗), hence necessarily there is
f∗ ∈ F such that for every g ∈ κµ ∩M∗ω+1 (e.g. g ∈ F ∩M
∗
ω+1) we have f
∗ 6=J g.
Moreover, if A ⊆ κ,A /∈ J,B ⊆ µ, |B| ≦ κ<σ then {f ∈ F : {α ∈ A : f(α) ∈ B} /∈
J} has cardinality ≦ κ<σ (again, remember ⊗), so if in addition A,B ∈ M∗ζ then
[f ∈ F & {α ∈ A : f(α) ∈ B} /∈ J ⇒ f ∈M∗ζ ].
We define by induction on k < ω,Nak , N
b
k, ak, f
k such that:
(a) Nak ≺M
∗
0 , N
b
k ≺ (H(χ),∈, <
∗
χ)
(b) N b0 is the Skolem Hull of {f
∗} ∪ {i : i ≦ κ<σ} in (H (χ),∈, <∗χ)
(c) Na0 is the Skolem Hull of {i : i ≦ κ
<σ} (in (H (χ),∈, <∗χ), equivalently in
M∗0 )
(d) N bn+1 is the Skolem Hull of N
b
n ∪ {f
n(θ) : θ ∈ an}
(e) Nan+1 is the Skolem Hull of N
a
n ∪ {f
n(θ) : θ ∈ an}
(f) an = N
a
n ∩ λ
+ ∩ Reg \(κ<σ)+
(g) fn ∈ Πan and for each θ ∈ an, f
n(θ) > sup(θ ∩N bn)
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(h) if b ⊆ an, max pcf(b) ≦ λ and |b| < σ then
fn ↾ b ∈ {Max{f cℓλℓ,αℓ ↾ b : ℓ < n} : n < ω, αℓ < max pcf(b) and
λℓ ∈ pcf(an) and cℓ ∈ {bθ[an] : θ ∈ pcf(an)}}
where b 7→ 〈fbα : α < max pcf(b)〉 for b ⊆ an is a definable function (in (H (χ),∈
, <∗χ), 〈f
b
α : α < max pcf(b)〉 as in [Sh 371, §1].
By 2.3 (i.e. [Sh 371, §1]) there is no problem to do it, Nan ≺ N
b
n, N
a
n ≺M
∗
0 , N
a
n ≺
Nan+1, N
b
n ≺ N
b
n+1 and (as in [Sh 400, 3.3A,5.1A]) we get
⋃
n
Nan =
⋃
n
N bn, hence
Rang(f∗) ⊆
⋃
n<ω
Nan . Now for each i < κ let m(i) = min{m : f
∗(i) ∈ Nam}, and we
can find finite e(i) ⊆
⋃
ℓ<m(i)
aℓ, y(i) ⊆ κ
<σ +1 such that f∗(i) ∈M
e(i),y(i)
m(i) where for
any e ⊆
⋃
n
ak and y ⊆ κ
<σ + 1 (we define by induction of ℓ):
M e,y0 is the Skolem Hull of y in (H (χ),∈, <
∗
χ),
M e,yℓ+1 = Skolem Hull of M
e
ℓ ∪ {f
m(θ) : m ≦ ℓ and θ ∈ e ∩M eℓ }.
Clearly: [e ⊆
⋃
m
am & e ∈ M
∗
ℓ & max pcf(e) ≦ λ & ℓ < ω ⇒ M
e,y
ℓ ∈ M
∗
ℓ+1],
and [e ⊆ d & y ⊆ z ⇒M e,yℓ ⊆M
d,z
ℓ ] and M
e,y
ℓ ⊆ N
a
ℓ .
Let An = {i < κ : m(i) ≦ n}. Clearly An ⊆ An+1, κ =
⋃
n<ω
An, but κ is not the
union of ℵ0 members of J , so for some n(∗) < ω, [n ≧ n(∗) ⇒ An /∈ J ]. It suffices
to prove:
(∗) if m(∗) < ω,A ⊆ κ,
∧
i∈A
m(i) ≦ m(∗), A /∈ J then max pcf (
⋃
i∈A
e(i) > λ
[as this means n(∗) ≦ n < ω ⇒ T 2J+(κ\An)(µ) > λ, hence 〈An(∗)+ℓ : ℓ < ω〉 and
〈e(i) : i < κ〉 exemplified T 4J (µ) > λ contradiction].
We can replace A by any subset which is not in J .
By the assumption ⊗ without loss of generality |A| < σ, and suppose A contra-
dicts (∗). Let e∗ =
⋃
i∈A
e(i), y∗ =
⋃
i∈A
y(i). As σ is infinite, clearly |e∗| < σ, |y∗| <
σ,
∧
n
‖M e
∗,y∗
n ‖ < σ (remember σ > ℵ0).
Prove by induction on ℓ (suffice for ℓ ≦ m(∗)) that e∗ ∩M e
∗,y∗
n ∈ M
∗
ℓ+1, y
∗ ∩
M e
∗,y∗ ∈M∗ℓ+1 andM
e
∗,y∗
ℓ ⊆M
e
∗,y∗
ℓ+1 . For ℓ = 0 this holds asM
e
∗,y∗
0 ≺ N
a
0 , ‖M
e
∗,y∗
0 ‖ <
σ and e∗∩M e
∗
0 = e
∗∩Na0 is a subset of N
a
0 of cardinality < σ,N
a
0 ∈M
∗
1 , ‖N
a
0 ‖
<σ =
‖Na0 ‖ ≦ κ
<σ. Similarly for y∗. For ℓ + 1, as we know M e
∗,y∗
ℓ ∈ M
∗
ℓ+1 and
f ℓ ↾ (e∗ ∩ M e
∗,y∗
ℓ ) ∈ M
∗
ℓ+1 by (h) as max pcf(e
∗) ≦ λ by an assumption hence
M e
∗,y∗
ℓ+1 ∈ M
∗
ℓ+2. As ‖M
e
∗,y∗
ℓ+1 ‖ = κ
<σ, |e∗| < σ and κ<σ + 1 ⊆ M∗0 necessarily
e∗ ∩M e
∗,y∗
ℓ+1 ∈ M
∗
ℓ+2. So M
e
∗,y∗
m(∗) ∈ M
∗
m(∗)+1 so Rang(f
∗ ↾ A) ⊆ M e
∗,y∗
m(∗) ∈ M
∗
m(∗)+1,
so by the choice of f∗, A ∈ I.
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Proof of 6.1A(1). T 4J (µ) ≦ T
1
J (µ). Let An ⊆ κ,An ⊆ An+1, κ =
⋃
n<ω
An, An /∈ J
and T 2J+(κ\An)(µ) ≧ λ. For each n, by earlier parts of the proof, there is Fn ⊆
κµ
such that |Fn| ≧ λ and [f 6= g ∈ Fn ⇒ f 6=J+(κ\An), g].
Let Fn = {f
n
α : α < αn}, αn ≧ λ exemplify this. Now define fα ∈
κµ for α < λ
as follows: for ζ < κ let n(ζ) = Min{n : ζ ∈ An} and fα(ζ) = ωf
n(ζ)
α (ζ) + n(ζ).
6.1
6.3 Conclusion. Suppose cf(κ) > ℵ0, κ > σ ≧ ℵ0 and I = [κ]
<σ, µ > κσ. Then
T 4I (µ) is T
2
I (µ) hence is T
1
J (µ).
Proof. Apply 6.1 (σ+ here corresponds to σ there), more exactly by 6.1(A)(2).
6.4 Remark. Asking on almost disjoint sets is an inessential change.
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